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EXISTENCE OF NON-PREPERIODIC ALGEBRAIC POINTS FOR
A RATIONAL SELF-MAP OF INFINITE ORDER

EKATERINA AAERIK

Let X be a smooth projective variety defined over a number field K and let f :
X --+ X be a dominant rational self-map defined over the same nurnber field. As
shown in [AC]. onc can attach to f a dominant rational map ¢ : X --+ T. commuting
with f and such that the Aber of g through a sufficiently gencral complex point
z € X(C€) is the Zariski closurc of its iterated orbit (or “f-arbit™) {f*(z). &k €
Z.o). Here “sufficiently general’ means “outside of a countable union of proper
subvarictics”. and so this theorem does not give any information on the f-orbits of
algebraic points. which, aprieri. can have smaller Zariski closure than general complex
points. Indeed, the field of algebraic numbers being countable, this countable union
of proper subvarictics might contain all the algebraic points of X.

One would of course like to show that in reality this never happens and one can
always find an algebraic point such that its f-orbit is "as large”™ as the general one.
Tor instance. a conjecture already implicit in [AC] and formulated by Medvedev and
Seanlon in [MS] (Conjecture 5.3) states that if no power of f prescrves a non-trivial
fibration. then there should be a point z € X (Q) with Zariski-dense f-orbit ; a variant
of this is an carlicr conjecture by S5.-W. Zhang stating the same in the case when f is
regular and polarized (that is, there is an ample line bundle L on X with f*L = L79
for some g >~ 1),

What is certainly true in the case when f is regular and polarized is that. at lcast.
there exist points in X (@) with infinitc f-orbits (that is, non-preperiodic algebraic
peints). The reason is that in this casc. one can introduce the so-called cenonical
height by X(Q) — R which is a Weil height Function for L with the property
hi (f(2)) = ghy(z): it follows that the set of preperiodic points is a set of bounded
height and therefore it cannct exhaust X(Q) (see [CS]). However. the examples of
varicties admitling a regular polarized endomorphism are very scarce. s0 one would
like to work in a more general setting: and the theory of canonical heights does not
really work for a rational self-map f. even if there is an ample line bundle L such
fL=L% with g > 1.

The purposc of this note is to provide a short proof of the existence of non-
preperiodic algebraic points for arbitrary dominant rational self-maps of infinite order
{Corollary 9). using. though. a result by E. Hrushovski which does not seem fo have
been treated in a very accessible way at the moment. The argument is very simi-
lar to the one used by Bell. Ghioca and Tucker to prove a version of the “dynamical
Alordell-Lang conjecture” for étale endomorphisms of quasiprojective varieties: in fact
this note s directly inspired by [BGT]. and is. in some sense. a continuation of [ABR)
where some general cbservaticns about iteration of algebraic points by a dominant
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Absiraect  Following some remarks made by O'Grady and Oguiso. the potential density of rational
points on the second punctual Hilbert scheme of certain K3 surfaces is proved.
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1. Introduction

In a recent note. Oguiso 9] uses the structure of the cohomolopy of compact hyperkihler
manifolds [12] to describe the behaviour of the dynamical degrees of an automorphism
of such a manifold and makes an explicit computation in some particular cases. I one
of his examples he considers a K3 surface § admitting two embeddings as a quartic
in P* (given by two different very ample line bundles H; and H;). Each embedding
induces ain nvolution of the second punctual Hilbert scheme (that is. the Hilbert scheme
parametrizing finite subschemes of length 2) X = Hilb?s = 83 where a pair of general
points py. py is sent to the complement of {p1.p2} in the intersection of .5 and the line
1P it is shown in [2] that this involution is regular if and only if .5 does not contain
lines. Oguiso considers the product of the two involutions and shows that this product
is not induced from an automorphism of 5. nor from any antomorphism of a K3 surfacc
5" such that $712 2 §12.

On the other band. in the reeent past a few people have studied the potential density
of rational points on K3 surfaces and their symmetric powers (sce. for ¢xampic. [4. 5]).
Recall that a variety X over a number fleld is called potentially dense if rational points on
X become Zariski-dense after a finite field extension. I [4], it is proved that a K3 surface
with an clliptic pencil or with infinitely many automorphisms is potentially dense. The
proof proceeds by iterating rational corves by the automorphisms in the sceond case and
by rational sclfmaps coming from the clliptic fibration (i.c. by fibrewise multiplication
by a suitable number) in the first case. Several results concerning potential density on
svmetric powers of K3 surfaces are given in [3]: the point to note here is that some

© 2011 The Edinburgh Mathematical Society 1
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Abstract

Let X be an algebraic variety and let :X——-X be a rational self-map with a fixed point q, where everything is defined over a numberfield K.
We make some general remarks concerning the possikilily of using the behaviour of f near g to produce many rational points on X. As an
application, we give a simplified proof of the potential density of rational points on the variety of lines of a cubic fourfold, originally proved
by Claire Voisin and the first auther in 2007.
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CONSTRUCTING RATIONAL CURVES
ON K3 SURFACES

FEDOR BOGOMOLOV, BRENDAN HASSETT, and YURI TSCHINKEL

Abstract

We develop a mixed-characteristic version of the Mori-Mukal technique for producin,
rational curves on K3 surfaces. We reduce modulo p, produce rational curves on th
resulting K3 surface over a finite field, and lift to characteristic zero. As an applicatior
we prove that all complex K3 surfaces with Picard group generated by a class of degre
two have an infinite number of rationalcurves.

1. Introduction

Let K be an algebraically closed field, and let § be a K3 surface detined over K
It is known that S contains rational curves—see Mori and Mukai [18], as well a
Theorem 7 and Proposition 17 below. In fact, an extension of the argument in [18
shows that the “*general” K3 surface of given degree has infinitely many rational curve
(see Theorem 9 and {7]). The idea is to specialize the K3 surface S to a K3 surface §
with Picard group of rank 2, where some multiple of the polarization can be expresse
as a sum of linearly independent classes of smooth rational curves. The union of thes
rational curves deforms to an irreducible rational curve on S. This idea applies t
K3 surfaces parameterized by points outside a countable union of subvarieties of th
moduli space. In particular, a priori it does not apply to K3 surfaces over countabl
fields, such as IF » and @ Of course, there are also other techniques proving densit
of rational curves on special K3 surfaces, for example, certain Kummer surfaces (se
[18]), surfaces with infinite automorphism groups (see {4, proof of Theorem 4.10]
or with ellipfic fibrations (see Remark 6 below). These K3 surfaces have Picard ran
> 2, and all except finitely many lattices in rank > 3 correspond to K3 surfaces wit
infinite automorphisms or elliptic fibrations (see [19], [28]).
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T We survey recent developments in the Birational Anabelian Geometry pro-
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% Introduction

“_ The essence of Galois theory is to lose information. by passing from a field &
% an algebraic structure with two compatible operations, to a (profinite) group, its
% _ absolute Galois group G or some of its quotients. The original goal of testing
30

— solvability in radicals of polynomial equations in one variable over the rationals
3 was superseded by the study of deeper connections between the arithmetic in
2 ks ring of integers, and its completions with respect to various valuations on
2 the one hand, and (continuous) representations of G on the other hand. The
¥ discovered structures turned out to be extremely rich, and the effort led to the
® development of deep and fruitful theories: class field theory (the study of abelian
3 extensions of k) and its nonabelian generalizations, the Langlands program. In
7 fact. techniques from class field theory (Brauer groups) allowed one to deduce

¥ that Galois groups of global fields encode the field:
39
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Abstract: We show thal the difieomorphic type of the complement to a line arrangement in a complex projective plane £+
depends anly on the graph of line intersections if no line In the arrangement contains more than two points in
which at least two lines intersect. This result also holds for some special arrangements which do not satisty this
property. However it is not frue in general, see [Rybnikov G., On the fundamental group of the complement of a
complex hyperplane arrangement, Funct. Anal. Appl., 2011, 45(2), 137-148].
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Introduction

The study of topological and diffeomorphic type of the complement of a line arrangement in projective plane is one of the
classical topics in complex algebraic geometry with many different results. See, for example, [1-6]. Note that if we have
a deformation £, of the line arrangement £ in such a way that the multiplicities of intersection points remain the same
during the deformation, then the diffeamorphic type of the complement 2%\ L, remains the same. In particular, we give a
simple proof that two lines arrangements with the same intersection matrix deform in each other under assumption that
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Abstract Let & = SLn(C)x C™” be the (special} afline group. In this paper we study the representation theory
of &G and in particular the question of rationality for V/G, where V' is a generically free G-representation. We
show that the answer to this question is positive {Theorem 6.1) if the dimension of V is sufficiently large and
V' is indecomposable. We explicitly characterize two-step extensions 0 = 8 — V — @ — 0. with completely
reducible § and . whose rationality cannot be obtained by the methods presentec here (Thecrem 5.3).

Keywords  rationality, linear group quotients, affine groups
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1 Introduction

The well-known rationality problem in invariant theory asks whether V/G is always rational if V' is
a linear representation of a connected linear algebraic group G over €. This seems to be extremely
difficult. in general. However. it becomes a little more accessible if the unipotent radical of G is large
in a certain sense. of which Mivata’'s theorem is the first example: if the action of G on V can be made
triangular, then V/G is rational. We will give further cvidence for the previeus viewpoint in this paper
by studyving genericallv free quotients V/G. where G = SL,{C) x C" is the special affine group. In
fact, if V is indecomposahle and of sufficicntly large dimension. these guotients are always rational, cf.
Theorem 6.1 and Theorem 5.3 below. Some indecomposability assumption is reallv needed as there are
fainilics of decomposable gencrically free and arbitrarily large G-representations for which a proof of
rationality amounts to proving stable rationality of level 1 for all generically free SL,, (C)-representations.
which is expected to be a hard problem. ¢f. Remark 5.4. One should also note that many rationality
questions for reductive groups reduce to parabolic subgroups by the method of taking sections for the
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RECONSTRUCTION OF HIGHER-DIMENSIONAL FUNCTION
FIELDS

FEDOR BOGOMOLOV AND YURI TSCHINKEL

ABSTRACT. We determine the function flelds of varieties of dimension
> 2 defined over the algehraic closure of Fp, modulo purely inseparable
extensions, from the quotient by the second term in the lower central
series of their pro-£ Galois groups.

2000 MaTH. SuBJ. CrLass. 12F10, 14E08, 19C20, 19C30,

Key WORDS AND PHRASES. Galois groups, function fields.

INTRODUCTION

Fix two distinct primes p and £. Let k& = FP be an algebraic closure of the finite
field Fp. Let X be an algebraic variety defined over k and K = k(X its function
field. We will refer to X as a model of K; we will generally assume that X is
normal and projective. Let Gf. be the abelianization of the pro-é-quotient Gg of
the absolute Galois group of K. Under cur assumptions on k, Gf. is a torsion-
free Zg-module isomorphic to ZF. Let G¢ be its canonical central extension— the
second lower central series quotient of Gy . It determines a set L g of distinguished
(primitive) finite-rank subgroups of Gf: a topologically noncyclic subgroup o lies
in Eg if and only if

® the inverse image of ¢ in §f, is abelian;
» o is maximal: there are no subgroups ¢’ < G§ whose preimages in G§, are
abelian and which contain ¢ as a proper subgroup.

Our main theorein is
Theorem 1. Let K and L be function fields over algebrare closures of finate fields
k. resp. I, of characteristic # £. Assume that the transcendence degree of K over k
is af least two and that there exists an isomorphism

¥ =Tk G G (1.1

of abelian pro-£-groups inducing a bijection of sets Ly and Zy. Then k is isomor-
phic to I and there exists a constant ¢ € L} such thai ™' - U is induced from a

Received July 28, 2010: in revised form October 13, 2010 and Novernber 11. 2010.
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author supported in part by NSF grants DMS-0739380 and 0901777,
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1. Introduction

Let k be an algebraically closed field, & a finite group, and V a faithiul linear representation of G over k. The study
of the HRelds of invariants k(V)¢ = k{V/G) for different groups G has provided with many examples of nonrational
unirational varieties V/G and fields k(V)¢. Currently all the proofs of nonrationality for such guotients are based on
nontriviality of the nonramitied cohomology of G. These cohomology groups serve as simplest obstructions to the stable
rationality of the field k(V)°. They were introduced n [2, 7] and studied in [4-6]. In the case of degree 2 they appeared
in the work of Sattman [12] under disguise of the Brauer group.

In [3, 4] the following conjecture was raised

Conjecture 1.1.
Let G be a finite simple group. Then
Hi'\,un(cl :,ff) = 0'

for all i = 0, ali k and ol £.

* E-mail: bogamola@cims.nyu.edu
t E-mail: tihamirpetrov@csun.edu
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P. d. ByapLiuna
A pensHOe mocTpoeHne kKnacca YepHa

TlpusoanTes hopMyia, Brpazkaoman sTopol knacce lepaa c2{ E) B Tepau-
HEX TPHBHAIH3ALEH ABYMEPHOrO BEKTOPHOTO DacCloeHdsl £ B ¢XeMHBIX TOY-
Kax noBepxHoCcTH X Hal nojeM. A 3TOrO Mo TPHBUAJIAIAOUAM CTDPOMTCS
KOUHKT B 2JeBHOM KOMILIEKCE., cB3aNHOM ¢ ny<dkoM Ka{&x)}. Kpome Toro
J0Ka3azo, 9To ¢hopmyna Cesepu ang sToporo Kiacca HepHa Homy4HaeTcs Kax
TACTHBIA CIYyYad (hopMyNLI, NIOCTPOEHHON B TOH paboTe.

Bubnuorpadws: 10 Hazsanui.

Kmrogesnie cjioBa: Knace Hepra, afembHBIH KOMTLIEKC.

§1. Beegenne

B craree A H. Hapmuna |1] s 19831 uosnsuaacs hopayna juisl kxacca Yepua
BCKTOPHOrO PACCAQCIIHA 118 anrcOpaurcCKOM MIOroobDas3gn & TePMUIAX MATDHI
TCPCXUMTA MOKTY TDWRHATHIAIIMAME PACCTOCIIHA I CXCMITBIX TOUKAX MHOTOO0DASH.

A8 Tpou3BOABILIX OGpaTHALIX MaTpHIl X . ..., X, nag koMmyTarubuoi (-a-
reOpol A MOKIIO PacCMOTPCTL Gopary

D (X1 Xp)y = to(XT e XX A A dX ) € 7

Moz pricwnum ppomsseaenues Marpun X = {a,,) u ¥ = (b,,) ¢ kosddrumenramu
B 2*(A) speck noapasyMesaercst Matpuna X A Y = {ZJ @,y A bjr). Hanonmus
hopryiry HeoroHa, BHIDAKAKILYIO 3MEMEHTADHELE CHMMETDHUSCKHE (DYHKIHN T
HePes CYMMDI CTCICIICH 8,8

8] 1 0 PN 0
&3 3 2 A 0
1
Tin = —
m! :
Smel Sm—2 Sm-3 ... m—1
Sm Sm—-1 Sm-2 ... $1
Tlomoskmnr w'F(X.. ... Xn) D@BHBIN 3HAYMEHHIO 3MeMEHTADHOH CHMMETDHYTECKOH
(hYHKUHIL 0y, 110CHe 3aMeHbl CYMMbL cTelened 3; 8 hopayie Heororora ra
P (X1, X)), a yMioeretis -, Brreniiee npousseenve. Hyvers X - nponasoan-

Hasl HETEDOBA HEHPHBOMIMA CXEMA Da3MEDHOCTH 78 KOHEMHOIO THIA HAJL HONEM
nyinescit xapakrepuctuku. Ilycrs B — sexroproe paccucenue Ha X. Uyaok & —
JOKANBIO CBOGOMIIBI MYHOK & x-MOVICH, onpeleIstenniiy paccaocuues KA. Jlns
Wk Loi cxearnodt Toukn n € X pacearorpun uyukonsiit eiofl &,. Ilycrs b, — Gasnc

Pafora BoiTosiHeEa Npu mongepskke Poccnmbickoro chonga <byHAAMERTANBHBIX HMCCIEA0BAHAN
(rpanT M 11-01-00145a). Ilporpammer Ipeannenta PP NMofmaepKKH MONCABIX YieHbX (IpaET
Ne MIK-4881.2011.1), Ilpasutenscrea PO {rparr Ne 1111.G34.31.0023) u lporpanire: Tlpeansenta
PO mogser» kil BeAyLIHX HayYHbIX Wkon (rpant Ne HITI-1713.2010.1).
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HepaseHcTBO, IONYyYeHHOE NIPU PACCMOTDEHUHA
HecTabHUIbHBIX PelIeTOK paHra 2

P. 4. Byowiauu

[Iycrs A — uueaogoe mode ¢ xonsuoM uensix F, n=[K : Q] < 2o 1 P - npoekTHBHE
MOAVIE Had Komenosm F. Tloga K, — apxumegorsl mononnenus nond J{. IlyeTh v — wHcno
BEIUECTBEHHLIX TOUEK, § — KOMILTeKCHBIX. MEI GVAEM TI0/Ib30BaTLCA ONpedeneHnamu 13 [1].

OnpEAEAEHHUE 1. Crpykrypa F-pelreTkd Ha Mojyie P ecTs HABOp CKaAAPHBIX (3DME-
TOBBIX} TIPONSBEACHHI HA KAXK/AOM BEIIECTBEHHOM {KOMILIEKCHOM) BEKTODHOM IPOCTPaH-
cree P ®r K,. Ecn K; = C, To ckaiapsHoe NPpOR3BEAEHWE TIPEIAIONATARTCS 3PAMHTOBERIM.

OnreEJAEIEHUE 2. PelueTky HA3ZBIBAKOT M0AVCTAOUILHOM, €C/IH ee KAHOHWIECKas DHIb-
tpanua wmeer sag 0 C P. B npoTHBHOM civiae penleTka Ha3bIBAETCH HECTAOHILHOIM.

Hyers P = F*. OBosmaumny 4epes Ofk, K,) rpynny Op(R) s BellecTBeHHLIX TO-
ek # rpynoy Uk (C) — gaa koMmnmekcHblx ToueK. MHOMKECTBO CKaNSPHBIX {9PMUTOBEIX)
[TDOM3BEAEHME HaJ BELIeCTBEHHBIM (KOMIUIEKCHBIM) TIOTIOJNHeHHeM [{; OTOMAECTBIAETCH

¢ Gl{k, I{.)/Olk, K.). O6o3nadum rpynmy HGl(k.Ki) yepes (7, Tpynmy {(i’,‘-‘) € q |

K
H ]l = 1} gepes G', rpyvony Gl(k, F) wepes H. CpYIITY HO(kJ(,) yepes (. MHO-
K; i,
JKECTBO PElIeTOK ¢ TOYHOCTBN JI0 SKEHBAICHTHOCTH OTOXKAECTEIAETCA €O MHOMECTBOAL
H\G/O. MuoxecTBo G/ OTOMIECTBASIOTCS] €O MHOMXKECTBOM PEIIETOK C BbLAEJRHHBIM
Bazucom B F'". Hazopem ero aMeMeHTHLI BIIOMEHHBIMH pPEIIeTKaMH. SJIeMEHTEL MHOME-
ctBa G'/O HazoBeM CTIEUHANBHEIMA BIOYKEHHBIMHM DellleTKaMH. [lo TEOpeMe 0 CHIBHOH
ATTIPOKCHMAILWH AeHcTBie rpynmel A ya suokeeTse G /O — 3T0 AHCTBEHE ¢ KOMTAKTHBIM
dakTopom. IIycTs mMHOKecTBO M — thyHIaMenTaTbHasg obNacTh 3TOT0 JEACTBHL.

Ilyere N(k, K,) — yuunorentHsie matpunsl nz Gl(k, K.}, rpymma Ak, K.} - seute-
CTBEHHBIE JHATOHANLHBI® MATPHIL C TOMOKHTEIBHEIMI 3eMeHTaMyu na Juarodamn. (6o
3AHAYNM CPYTITY HA(k,K,} gepea A, rpynny HN(k,Kl) yepez N. Paznoxenne Hpa-

K, K,
caBa ZaeT pasnoxkemne & = ANQ. Ilycts da') — ntepa Xaapa wa A(k.K,) pasHas
1/{a1-- ax)day - -dax, Tae ;i ecTs - AHaroHasbHbll d:1eMeHT. 1locse 3aMeHBI Tlepe-
MEHHOW 0, = e noayumm dey - dex. Ilyers dn® — mepa Xaapa Ha N{k,K,), paB-
Hasi cTaHAapTHo# mepe JleGera na RV~ (KD 2 Napa dgl) wa Gl(n. K,). pasnas
i, (@) da dn®) do' | rae i {a) = H (az;f)dmm{-‘(,)
ki
apa Ha OI,), senmerca mepott Xaapa |2; nemma 3], Ilomoxus: g = HF'K:» qepez dn
K;

n da obo3HaunM Mephl Xaapa Ha N # A coorsercrBenno. B pasnowedwn Feacapa mma
rpynnel G rpymma A 3aMeHsieTcst Ha Togrpymmy A ¢ A, cocrosunyio U3 Ha@opoR AHa-
MOHAMBHBIX MaTpHL, { P') Takx, 410 H det(P)"™ ) = 1 IIyers de’ — npoussoasHan
siepa Xaapa Ha A'. K,

n do'¥ — npomssonsHan mepa Xa-

OnrEAEJAEHHE 3. [IycTe X — IPOCTPAHCTHO ¢ JTeBbIM JeficTBuenm rpynmnl (7. Mepa
Ha X HasniBaeTcd G-3KBHBADHAHTHOH. ecau g.p = p gma moboro aienenTa ¢ € G.

TEOPEMA 1. Mepa p{a) da’ dn asaremen G'-sxgusapuanmnot: na G'/O.

Janee seiony k = 2. IyeTs a. b — Gazice soayma F2.

Pabora soimonnena npu nogfepikke rpamra MEK-4881.2011.1. Jlabopatopnu anrebpasmie-
cxoit reomerpuyu [V-BII3, rpaura npasuredescrsa PO gor 1111.G34.31.0023, rpanra POOH
11-01-001452 # nporpanins “Beaywue nayunse wkoas’” (rpawr HII-4713.2010.1).
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ABSTRACT
Let (M, [, @, 2) be a nearly Kédhler 6-manifold, that is, an SU(3)-manifold with

—form £ and Hermitian form @ which satisfies dw = 3ARef2, dim{l= -2A
nonzero real constant A. We develop an analogue of the Kahler relations on
proving several useful identities for varicus intrinsic Laplacians on M. When
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Hyperholomorphic connections
on coherent sheaves and stability

Resesarch Article

Misha Verbitsky '™
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Abstract: LetM be ahyperkahler manitold, and F a reflexive sheaf on AJ. Assume that F {away from i1s singularities) admits
a connection ¥ with a curvature © which is invariant under the standard SU(2)-action on 2-forms. (f © is square-
integrable, suchsheafis called Aypsrholomorphic. Hyperholomorphic sheaves were studied al great length in (21].
Such sheaves are stable and their singular sets are hyperkahler subvarieties in M. |n the present paper, we study
sheaves admitting a connection with SL(2)-invariant curvature which is not necessary (?-integrable. We show
that such sheaves are polystable.

MSC: 14D21, 53C05, 53C07, 53026, 53C28, 53C38, 53C55

Keywords: Hyperkahler manifeld « Coherent sheaf « Stable bundle - Twislor space
& Versita Sp. z 0.0.

1. Introduction

Yang-Mills theary of holamarphic vector bundtes is one of the most spectacular successes of modern algebraic geometry.
Developed by Narasimhan-Seshadri, Kobayashi, Hitchin, Donaldson, Uhienbeck=Yau and others, this theory proved
to be very {ruitfui in the study of stability and modular properties of holomorphic vector bundies. The Bogomolov—
Miyaoka-Yau inequality and the Uhlenbeck—Yau theorem were used by Carlos Simpson in his groundbreaking work
on variations of Hodge struciures and flat bundles [15]. Later, it was shown [10, 20] that Yang-Mills approach is alse
useful in hyperkdhler geometry and lends itself to an extensive study of stable bundles and their modular and twistar
properties.

From an algebraic point of view, a coherent sheaf is @ much more natural kind of object than a holomorphic vector bundle.
This stresses the extreme importance of Bando-5iu theory [1] which extends Yang-Mills geometry to coherent sheaves.

In the present paper, we study the ramifications of Bando-5tu theory for hyperkshler manifolds.

* E-moil: verbit@thelemo.dnttm.ru, verbit@mccme.ru
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Abstract

Lel A be a compacl Riemannian manifold equipped wilh a parallel differenlial form o, We prove a
version of (he K&hler identdies in this selting. This is used 1o show lhat lhe de Rham algebra of Af is
weakly equivalenl loits subquotient § {1, i), called the pseudo-cohomology of M When M is
compadcl and K&hler, and mw is s Kahler form, |H“¢ Af), ) is isomorphic to the cohomology algebra of
M. This gives another proof of homotopy formality for Kanler manifoids, originally shown by Deligne,
Griffiths, Morgan and Sullivan. We compule H {Af) for a compacl {73-manifold, showing that

H:tM) . H'(M) unless i=3 4. For =34, we compute H*: W) explicitly in terms of the first-order
differential operalor sof A*:Af} —- ASTM )

Keywords: Ralional homotopy; Formmality; Kahier identilles; (72~manifolds

Article Qutline
1. Introduction
1.1. Holonomy groups in Rigmannian geomediry
1.2. (f>-manilolds in malhematics and physics
1.3. Slnucture operalors on manifolds with parallel differential form
1.4. The localization functor and rational homotopy
2. Riemannian manifolds wilh a parallel differential form
2.1. The struclure operator and Lhe wisled differenlial
2.2. Generalized Kahler identilies and lhe twisted Laplacian
2.3. The differential graded algebra (herd..)
2 4. Pseudo-cohomology of the operalor o
3 The slructure operator for holonomy (72-manifolds
31. t/y-manilolds
3.2. The structure operator for { r>-manifolds
4. Pseude-cohomology for (rz-mamfolds
4.1. Formality for (;2-manifolds
4.2 The de Rham diflerential on 12037
4 3. Computations of pseudo-cohomeology
Acknowledgements

Referencas

Copynght © 2017 Elsevier B.V. Al righls reserved.

Related Arficles
, Exponential problam ona compact Rismannian manilfold va...
Nonhineer Analysis Thaory, Methods & Appiicabians

o Muliple soluions of ganarafized Yamabe equalions on R..
MNonhnear Analysis Real World Appiications

. The conformal-Kiling equalion on - and -struclures
Journal of Geomairy and Physics

o Bestconstants in Sobolevinequalines on manifolds wil..
Bultetn des Saences Mathémahques

. 0On the $rong -Hedge decomposil on over complete Rieman
Joumnai of Functional Analysis

¥ \View more refated articles

My Applications
Add o

»

'.-*' Table Download X

Find HTML data tables from the current arlicle 1o
download.

Find Tables :
About Takle Download

.+ MostDownloaded v Bz

Most downioaded articles Irom lhe last three months in s
journal.

Dirac algabrods in Lagrangian and Hamillonian
mechanics

Diferenbal forms via the Bernsizin-GeNand-Geland
resolubon for quantized irreducible flag manifolds

Cunatures, vofumes and norms of denvalives for cunes
n Riemannian manrolds

View the most downloaded articles for Journal of
Geometry and Physics

Provided by Sciencelirect Top25

Hide Applications

Cited by (0)
» This arlicle has nol yet been ciled.
Frovrded by Scopus

Related reference work articles e g encyclopedias

. Quantum Ergodicity and Mixng ol Exgenfunctions
Encyclopedra of Mathematical Physics

. Inroduciony Amicle Difierer 2l Geometry
Encyclopedia of Mathematical Physics

, Eigenfuncuons of Quantum Completely Imegrable Syslems
Encyciopedia of Mathemalical Physics

, Inequalines in Sobolev Spaces
Encyclopedia of Mathemalical Physics

, Lorentzman Geometry
Encytiopedia of Mathemalical Physics

28.12.2011 16:24



ScienceDirect - Journal of Geometry and Physics : Manifolds with pa... http://www.sciencedirect.com/science/article/pii/S039304401100026X

20of2

Jourmal of Geometry and Physlcs
Volume 81 Issue 6, Jure 2011, Pages 1001-1016

Back loresults | < Previous 2 of 2 next

Home  Browse  Search My setlings My alerts

About ScienceDirect Contact and Support
WWhal s Saencabirect Comact ang Support
Certent detals

Salup

Hew to use

Subscnplions

Devalopers

About Elsevier

Abou Elsevier

About ScivVerse

Abolr Scival

Terms ang Conditens
Prvacy policy

Infermebon for adverbsers

. More ralated reference work arlicles

View Record in Scopus

Content Connect
Gel the |ales| news, lrends and products from she Iifa
science industry Leam More

Help

Copyright © 2011 Elsever 8.V All ighls reserved SciVerse® s a regisiered trademark of Elsevier Properties S.A., used under icense. ScienceDirect® s a registered rademark of

Elsewer BV

28.12.2011 16:24



ScienceDirect - Advances in Mathematics : Moduli spaces of framed...

http:/fwww.sciencedirect.com/science/article/pii/S0001 870811000971

Hup  ScienceDiregt  Scopus  Applications Register | Login | Go to Seival Suite
Brought to you by:
Higher Scheel of Ecenemics Library
Home  Browse  Search My settings My alerts Heip
Aricles © Al flelds Aulhor Advanced search
Images Journal/Book title Volume Issue Fage Search ScienceDlrect ' Search tps
{ Click here to benefit and register @Q
[_ ‘i
Back loresuds | < Previcus 1ef1 ned
PDF {157 K) Expor citalion E-mail articls
Related Articles
Abstract References , Ontha geomelry of modul spaces of art-self-dual conn.
Topoiogy and s Applications
Advances in Mathematics Guantum cohomoiegy of tha Spnnger resalution
Volume 227, Issue 4, 10 July 2011, Pages 1526-1538 * Advances i Mathematics
. Folianons in deformabion spacss of laeal G-shiukas
don10 10164.aim 2019 03.012 | How to Cile o Lmk Using D01 Advances in Mathematics
Permissions & Repnnls . A comparisen theorem for Gromav=\Witien invanants in
Advances in Mathematics
H H . A categoncalinvanant for cutic Ureafolds
Moduli spaces of framed instanton bundles on ¢¢* and e s
twistor sections of moduli spaces of instantons on &  View more relaled anicles
a
Marcos Jardim?, Misha Verbitsky > ™
. My Applications
2 IMECC - UNICAMP, Departamento de Matematica, Caia Peslal 6085, 13063-970 Campinas, SP, )
Brazl Add o
b . . I — -
Laboratery of Algebraic Geometry, GU-HSE. 7 Vavilova Str., Moscow. 117312, Russia -: Table Download = A

Recerved 3 June 2010; Accepled 17 March 2011. Communicated by Tony Pantev Avallable onling 5

April 2013

Abstract

We show that the rnoduli space A4 of framed insianion bundles on eris isomorghic (as a complex

Find HTML data tables from the current article to
download.

Find Tables

About Table Download

manifold) to a subvariely in the moduli of ratlonal curves of the twistor space of the modul space of

framed inslantons on 2”. We then use this characterization i prove ihat Af is equipped with a

lorsion-tree affine connection wilh holonomty in $p(2r.().

Keywords: Twistor theory: Modull spaces of instanlons

-
Comesponding author.

Copyright£ 2011 Elsevier Inc. All rights reserved.

Advances in Mathamatics
Volumeg 227, Isswe 4, 10 July 2011, Pages 1526-1538

Back lo resuits | < Previcus 1of 1 next

lof2

\# MostDownloaded v

2

Most downloaded articies from the last lhree months in this
journal

Uniform weli-posedness and imviscid hml for the
Benjamin-Ono-Burgers equation

BMO"L{H"n) spaces and Carlescn meaaures for
Schrodinger operatars

Conjugacy classes in Weyl groups and g-W algebras

View the most downlcaded articlee for Advances im
Mathermalics

Provided by Sciencelirect Top2h

Hide Applications

Cited by (0)
= This article has rot yel been cited
Provided by Scopus

View Racord in Scopus

28.12.2011 16:25



ScienceDirect - Advances in Mathematics : Moduli spaces of framed... http://www.sciencedirect.com/science/article/pii/S000 1870811000971

20f2

Home  Browse Search My settings My aleris

About ScienceDirect Contact and Support About Elsevier

What s SuenceDirecl Contact and Support Aboul Elsevrer

Conteni details About Sciverse

Seluwp About Scival

How lo use Terms and Conditions
Subscnplions Pnvacy policy
Davelopers Information far adverbsers

Copynghl ©@ 2011 Elsavier B.V All nignts reserved Sciverse® s a regislered rademark of Eisevier Properbes S.A., used under licensa,
Elsavier BV

ScienceDirect® 16 a registered rademark of

28.12.2011 16:25



Math. Res. Lett. 18 (2011), no. 04, 747754 © International Press 2011

OELJEKLAUS-TOMA MANIFOLDS ADMITTING NO
COMPLEX SUBVARIETIES

Liviu ORNEA AND MISHA VERBITSKY
To Professor Vasile Brinzanescu at his sixty-fifth birthday

ABSTRACT. The Oeljeklaus-Toma {OT)-manifolds are complex manifolds constructed
by Oeljeklaus and Toma from certain number fields, and generalizing the Inoue surfaces
Sm. On each OT-manifold we construct a holomorphic line bundle with semipositive
curvature form wp and trivial Chern class. Using this form, we prove that the OT-
manifolds admitting a locally conformally Kéhler structure have no non-trivial complex
subwvarieties. The proof 1s based on the Strong Approximation theorem for nuinber fields,
which implies that any leaf of the null-foliation of wq is Zariski dense.

CONTENTS

1. Introduction 1
1.1. OT-manifolds and their subvarieties 1
1.2, Number theory and the construction of OT-manifolds 3

2. The weight bundle of an OT-manifold 4

3. Complex subvarieties in LCK OT-manifold 6

Acknowledgments 8

References 8

1. Imntroduction

1.1. OT-manifolds and their subvarieties. The Ocljeklaus—Toma (OT)-
manifolds are an important clagss of compact complex manifolds not admitting a
Kéhler metric. They were discovered by Oeljeklaus and Toma in 2005 [5]. The
construction of OT-manifolds uses the Dirichlet unit theorem from number theory
(Subsection 1.2; see [7] for additional details of this construction and many related
questions}. Starting from a degree 3 number field, one obtains a two-dimensional
OT-manifold known as Inoue surface S, (see [2]).

For some number fields, the OT-manifolds are locally conformally Kéhler (LCK).
An LCK structure on a complex manifold is a K&hler metric on its universal cover A,
such that the deck transform maps act on M by homotheties. The OT-manifolds serve
an important function in the theory of LCK manifolds, providing a counterexample

Received by the editors November 26, 2010.

2000 Mathematics Subject Classification. 53C55.

Key words and phrases. Locally conformally Kéahler manifold, Kahler potential, positive bundle,
complex subvariety, Inoue surface.
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P. A. TergaTob

CMeKHOCTHBIE MHOTOTPaHHUKH
¢ HeOOJIBLIIMM YKCJIOM BEPIIMH

TToCTPORHA CEPHA CMEXKHOCTHBIX MHOTOTDAHHHKOB B BT ¢ unciom BepuMy
N = 2d + 4. DBce 3¢ MHOrOMPAHHMKH HMEIOT IUIOCKYH gHarpamny [efima
CHPeJEJeHHOTe BHJA, & MMEeHHO, B Hell poBHO d + 3 9epHBIX TOYeK, Jexwa-
KX B BBINYKJIOM TIONOMKEHMHM. lakue amarpamMmbl [efiia NapaMeTpHsyoOTCA
3-nepeBpAnMM (IeDEBBAMH ¢ HEKOTODOR IONOJNHHTENsHOR crpyKTypoli). Jna
BCEX [IOCTPOEHHEIX MHOMOCPAHHMKOB UMCJ0 FPAHEH Pa3zMepPHOCTH 17, COAEpHKa-
LIHUX 3ATAHHYH BEDWHHY A, 38BHCHT UL OT 4 U M.

Bubnworpacdus: 7 HazsaHuil.

Kitouesrle criopa: koMOMHATOPHKE MHOCOIPDAHHHKOB, KOMOHHATOPHKA
eabopa TOUYEK, CMEYKHOCTHBIE MHOTOTPAHHUKHM, AHATparMel [eita.

§1. Beenenwne

BeInyKIL1l MHOrOTPAHHEK B npocTpaEcTie RY Hasmmaeres caedcrocmmsia, ec-
au sobuie | D/2] ero Bepmmnm ofpasyior rpanb. MHorma h-csmeschocminoim mmo-
202PANHUKOM HAZBIBAIOT MHOIOIPAHEHK, ¥V KOTOpore mobble k RepuwmH 0bpazyior
rpaHb. B chbIcIe TOTO OUpene/IeHHs] ML PACCAMATPHUBAEM TompKO | [ /2 ]-chexuoCT-
Hble MHOTOrpagHuKH passepHoctd D. Mer 6ygen pacesarpanars cay4ail, koraa D
verno {D = 2d).

IIpinepon CMEeXXHOCTHOIO MHOTOIDAHHEKA SIBISICTCS IHKIHYECKU] MHOTOTpaH-
auk (on. [1]). st ero nocTpoenns HCOONB3yeTCst KPHBAast MOMeHTOB B RY | xoTopast

COOepP>KHT BCe TOYKH BUAA
(t, 8282, D), teR.

Brinyvkaas ofogodka JH000M0 KOHEYHOrO MOMAMHOMKECTBA KPHBOH MOMEHTOD HASHI-
BAETCA YUKIUNCORUM MHOZo2peHNUKOM.  LIMKAHYeCKUH MHOTOTDAHHHK SIBJISOTCS
CMEZCHOCTHBIM.

Hasectro, 9TO 4HCI0 TpaHell NEKJIMYECKOre MHOIOTPAHHHKA (DBKCHPOBAHHOMN
PA3MEPHOCTH SIBISLTCA MAKCHMAIBHO BO3MOMHEIM 715 MHOTOIDAHHHKOB TAKOMH pas3-
MEPHOCTH C TaK#M KOJH9ecTBOM BepiiiH (et 1], [2]). B wacTrOCTH, eciu pasMep-
HOCTB MHOrOrpaHHuka pasHa [ = 2d, a ydeno sepuna pasue D + 4, 1o 4mciao
ero He-rpaseit (T.c. HabOpPOB BEpPIIHH, He ABMSIONMXCS TPAHIME) B PasMEepHOCTI
D +3 -k papmo (d+ 2)26'5;5 +2C%, 5. CAleKHOCTIBIE MHOTOTPAIHHKY KOMOHHA-
TOpHO kecTkHe (er. [3]). Te. KOMBHHATOPHEI TIHII CMEKHOCTHOIO MHOTOTPAHHHKA

OIpeIeIseT KOMBDUHATOPUKY KOHMDUTYPAIIIH BEDITHH.

@ P A. Jesatce. 2011
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A. . Enarun

Koromosniormieckas Teopus ciycka Jjas MopdhH3IMAa CTEKOB
U 018 SKBHBAPHMAHTHBIX IIPOH3BOJHBIX KaTeropuil

I3 pafoTe HailneHs! HEOBXOIHMEBIC H AOCTATOYHBIE YCJAOBHSA, MPH KOTODBIX
Anst mopdrama X — 5 anrebpanteckux Muoroobpasuti (mau, s 6oaee ofmem
Cly4ae. CTeKOB) MPOM3BOIHAN KATEropkda S BOCCTAHABIMBAETCS METONAMH Teo-
PHH CIycKa 110 npou3BoaHoi kareropun X . [loxasano, uro 5 cny«ae aehcTens
JMHEHHC PedyKTHBHON anrebpanteckod rpynnel G HA cxeme X M3 3TOro pe-
3YABTATA CAEJYET SKBHBANEHTHOCTh TTPOHIBOIHON KATEropuy (G-9KBHBADHAHT-
HbIX MYYKOB Ha X H Kareropud 06bLEKTOB B NPOM3BOJHOH KATEropHM NYyUKOR
Ha X C 33aHHBIM Ha HHX IeiicTBuenm (.

Bu6anorpadwea: 18 nazsanmil.

Kuawouesple cnosa: NpoOH3BOJHBIE KATEMOPHH, TECOPHS CIYCKA, aarebpan-
4ecKoe MHOroobpazye.

§1. Beenenne

XOpoWo H3BECTHO. YTO MYUYKH HA MHOroOODA3SHH MOMHO OUPEIENATh JOKAILHO.
A wumenno, nyers S = [ JU, — nokpertioe MHOroodpasis S 0TKPBITBIME TOIMHOXKE-
CTBAME. 3afalie IyYKA Ha S PABHOCH/ABHO 3aJaHWK cemeiteTha ny4xkos F; Ha U; 1
H3OMOPGhUIMOB CKIRHKN @y ¢ Flu,ny, — Fjlu.nu,, YIOBIeTBOPTIOMAX YCIOBHIO KO-
mHKne: Ha nepecesenuax U; MU, MU BpITONHEHO @i = @)1 0@y ;. MoxkHO 3a138aTh
MYYKW H IPH OOMOILYM TOKpuITAN Bonee mupokoro Kiaacca. [Iyvers p: X — 5 — ua-
KpPLITHe (HAIPUMED, HAKPLITHE TOMOJOIHIECKUX TPOCTPAHCTE HJIM KOHETHEIH 1710¢-
KUl MopdH3M CXeM), P; H Pi; — IPOCKIME DACCAOCTIILIX, Upotneterndl X xg X n
X xg X xg X ua comuoxxurenn. Torma 3agaHue Tydxa Ha Gaze S DPABHOCHIILHO
sadanu0 nyuxa £ Ha X Buecre ¢ n3oMopduznon cxneliky uydkos &1 piF — pi
Ha X X gX, yIORMeTSOPSIONIM VCIOBHIC KOLHKIIA: H30MOphH3ME! P]46 U pisfopt,d
Ha X xg X xg X papmsl.

3‘().\-5(‘TIIM, HTO HODBOC VTROPETCHIIC 1DO OTKDDLITOC ITOKDLITHE — O CYTH, TACTHLIT
caydait proporo aast X = | | Uy

BozuukaeT ecTecTBeHHLH Bonpoc: ByLyT am BepHb! MOJOOHEBIE yTBEDHKIEHHS,
€CIIH 3AMEHHTh [NYYKH Ha 0GbeKTH MPOH3BOAHON KATEIODHH KOTEPEeHTHLIX IIYJIKOB
Ha aarefpaiveckoM MHOroobpasmm?

Pafora soioanena npu nogaepyke Poccuiickoro donga GyuaMenTaILIbIX HCCAS0BalHl
(rpanTm Ne 09-01-00242-a, Ne 10-01-93110-HIITHKWJT-a, Ne 10-01-93113-HITHW.I-a). rpanTa [Ipe-
augenra PO NMJI-2712.2009.1, a raicxe Ponga HoIAEpKKH MONOHBIX yueHbIX “I{ouxypc MEbu-
vca', HayvRoro doaa UY-BIUY “Ynpasienue No4A8prKKH aKaleMULeCKHX HCCAenoBaHH” (rpadT
Ne 10-08-0015), IIporpammu Ipeaugenta PO nognepwky peaymwux navuanix wkoa PO {rpaat
Ne HITI-4713.2010.1).

{© A.I4. Eaarsn. 2011
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Abstract
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A.H. Edumos
Hokazarenscro rurnoressl Konuesuua—Colibensmana

Xopowo wasecTHo, uTo “kareropus Pyxan” sBrasercs Ha camom gete .-
npenxareropuell B cMbicne M. Kowsneswda n H. Conbenpmana. 3T0 caaza-
HO ¢ TerM, 4TO, BO0BIIE roBops, NMPOCTPaHCTBA MOPKHIMOB ONPEIeNEHbl TOMDb-
KO JJIf TPAHCBEPCAJILHHIX Nap JIATPAHMKEBLIX HOAMHOrooOpa3Hi, a BohlCLIne
YMHOAEHHA ONPENENeHl TOJbBKO JJIA TPAHCBEPCATLHBIX MOCIEA0BATENRHOCTER
narpaHkeBblx noaMuorcobpazuil. Konuesuu n Colbensman cdopMysuposa-
JIH CIESYIOMYI0 TUNOTE3y: A8 #1000r0 rpajyHpoBAaHHONO KOMMYTATHBHOIO
KOJNbLAa K KJIACCH KBA3WSKBHBAJEHTHOCTH A -npeaxaTeropuil Haa k Haxo-
ASTCS B DHEKLHMH C KJIACCAMM KHa3HIKBHBAJIGHTHOCTH A.o-KaTeropuit Hag &
¢ CHIBHBIMH (HJI1K ¢NaBbIME) TOMIECTBEHHBIMY MODHIMANMM.

B pafore 9Ta THOOTE3A AOKA3AHA [JI8 CYIMIECTBEHHO MaJlbIX A.o-{npen)ka-
Teropuii B ciAy4vae, Korga k ABasercz noieM. DB YacTHOCTH, OTCI0Ja CAEAyeT,
910 Asc-mpesraTeropuic OyKad MOKHO 3aMEHUTb HA KBAIHIKBHBAJEHTHYIO
HACTOS LY IO A o -KATETODHIO.

Kpone Toro, npejcrasieHa ecTeCTBEHHAS KOHCTPYKIINS ITPEATPHAHTYIHPO-
BaHHOH oBonouky Ana A.-npegkareropuit M QOKA3AHA €8 HHBAPHAHTHOCTH
OTHOCHTEAEHO KHA3MIKBUBAISHTHOCTEH.

Bubnuorpadua: 8 naspanuii.

Kniouepple ci0oBa: A.-KATETODHH, Kareropan ®yxaH, roMoJOTHYSCKAS
3EPKATLHAS CHMMETDHA.

§1. Beelgenue

3aneuarensHan KoHCTPYKupst K. Oykan 1] cpA3BIRaeT ¢ CUMTUIEKTHIECKIM MHO-
roofpazuen (Z- nau I/ 2-}rpaayrpoannyio A o-npeakareroprio o cabicae M. Kon-
neenua u H. ConGensnmana |2|. Ee ofbexTol — 3TO JArPAHIKEBB TIOAMHOTOODPAZHA
€ HEKOTOPBIMU JOMONHATEIBHEIME CTRYKTYDAMH.

ITo — 1C nacToslad A..-KATErOpH:A, TaK Kak, Boodine NoBops, MpOCTPAHCTEA
MOPQHIMOB OIIPEAENEHbl TOJBKC /ISl TPAHCEEPCENIBHBIX MAD JATDAHMKEBBIX I101-
MHOTr00Opa3Uit, a BBICIINE YAMHOMXEHHUS ONMPENe eHbl TOALKO 18 TPAHCBEPCATLHEIX
[OCIEMOBATEABHOCTRI JarpanKenbix MoayHoroobpasaii. Koncrpyximsa Oykam ue-
HOJIL3YETCs] B KATETODHOH HHTeDNPETalUHM 3epKaslbHOM CHMMETPHE [3] mist MHoro-
obpasmit Kanabn—Hy u B gansredtmux obobllennax Ha cayan MHoroobpasui $ano
¥ MHOTGOOpazuil ofIiero THOA. DTOT MOAXCI K 38DKaJbHON CHMMETPHH H3BECTeH
kak runoTeda KoHnenuda o roMomorimyeckoll 3epKajgsHol CHMMeTPHH. Pasnuunbie
BEPCHH H aCneKTsl A..-npeaxareropuit Pyxan cHCTEMATIIYECKH HIIOMKEHBl B KHH-
re |4].

Pabota prinomnnena upy <pHnanconol noaaepyxke Poceuiickoro donna dbynaamenTtannnnx He-
cieaopaHuit (rpanT Ne 4713.2010.1}, Ponna ~Tunactaa’ v JIaBopaToprs anrebpanteckoll reoxer-
PHH B ee npuiaosxenndl Bricirelt wkonw akatomuxy {rpant Ipanureascrsa PO Ne 11.G34.31.6023).

© A. M. Eenmon. 2011
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ASYMPTOTIC METHODS IN NUMBER THEORY AND
ALGEBRAIC GEOMETRY

by

Philippe Lebacque & Alexey Zykin

Abstract. — The paper is a survey of recent developments in the asymptotic theory of global
fields and varieties over them. First, we give a detailed motivated introduction to the asymptotic
theory of global fields which Is already well shaped as a subject. Second, we treat in a more
sketchy way the higher dimmensional theory where much less is known and many new research
directions are available,

Résumé. — Cet article est un survol des développements récents dans la théorie asymptotique
des corps globaux et des variétés algébriques définies sur les corps globaux. Dans un premier
temps, nous donnons une introduction détailiée et motivée i la théorie asymptotigue des corps
globaux, théorie déja bien &tablie. Puis nous aborderons plus rapidement la théorie asymptotique
en dimension supérieure oll peu de choses sont connues et ol bien des directions de recherche
sont ouvertes.

1. Introduction: the origin of the asymptotic theory of global fields

The goal of this article is to give a survey of asymptotic methods in number theory and
algebraic geometry developed in the last decades. The problems that are treated by the
asymptotic theory of global fields {that is nuinber fields or function fields) and varieties over
them are quite diverse in nature. However, they are connected by the use of zeta functions,
which play the key role in the asymptotic theory.

We begin by a very well known problem which lies at the origin of the asymptotic theory
of global fields. Let I, be the finite field with r elements. For a simnooth projective curve C
over F, we let N.(C) be the number of IF,-point on €. We denote by g(C) be the genus of C.

2000 Mathematics Subject Clossification. — 11R42,11R29,11G40.
Key words and phrases. — Towers of global fields, L-functions in family, Brauer-Siegel theorem.

The first author was partially supported by EPSRC grant EP/E049109 “Two dimensional adelic analysis". The
second author was partially supported by Dmitry Zimin’s “Dynasty" foundation, by AG Laberatory SU-HSE,
RF government grant, ag. 11.G34.31.0023, by the grants RFBR 10-01-93110-CNRSa, RFBR 11-01-00393-a,
by the grant of the Ministry of Education and Science of Russia No. 2010-1.3.1-111-017-029. The individual
research project N 10-01-0054 "Asymptotic properties of zeta functions" was carried out with the support of
the program “Scientific fund of HSE".
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Schubert calculus for algebraic cobordism
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Abstract

We establish a Schubert calculus for Boti—Samelson resolutions in the
algebraic cobordism ring of a complete flag variety G/B extending the results of
Bressler—Evens [Trans. Amer. Math. Soc. 331: 799-813, 1992] to the algebro-
geometric setting.
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Research Article

Base change for semlorthogonal decompositions

Alexander Kuznetsoyala2

@1 Algebra Section, Steklov Mathematical Institute, 8 Gubkin str., Moscow 119991, Russia (email: akuznel@mi.ras.ru)

a2 The Poncelet Laboratary, Independent University of Moscow, 119002, Boishoy, Vlasyevskiy Pereulok 11, Moscow, Russia
Abstract

Let X be an algebraic variety over a base scheme Sand &: 7~ S a base change. Given an admissible subcategory .4 in TX4(X), the bounded
derived category of coherent sheaves on X, we construct under some technical conditions an admissible subcategory L4 7in D xx s7), called
the base change of L3, in such a way lhat the following base change theorem holds: if a semiorthogonal decomposition of 772 (X is given,
then the base changes of its components form a semiorthogonal decomposition of T)8 (Xxs7) . As an inlermediate step, we construct a

compatible system of semiorthogonal decompositions of the unbounded derived category of quasicoherent sheaves on X and of the category
of perfect complexes on X. As an application, we prove that the projection funclors of a semiorthogonal decomposition are karnel functors.

{Received March 09 2010)

{Accepted July 22 2010}

{Online publicatlon February 15 2011)
2000 Mathematics Subfect Classification
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Buxk. C. Kynaukos

Honyrpynnobl pasmoXeHH HA MHOXHTETH
U HEMPUBOIUMBIE KOMIIOHEHTHI IpocTpaHcTrea [ypBuiia

(Qupesgenena ecTecTeeHHad CTPYKTyDa noayrpynnsl {#3onopduoll nmomy-
IpyLOe PA3IOMEHUN HA MHOMKHTENHN SJMHULE B CHMMETDPHYECKOH rpynne) Ha
MHOZKECTBE HEMNPUBCANMLIX KOMIOHEHT IPOCTPAHCTBA ['YDBHIA OTMeYeHHBIX
HAKPLITHI ¢rermeny d DpOeKTHBHOH npanol P! ¢ (pMKCHPOBAHHEIME THIAMH
BETBJEHHI. J0K&3aHO, 9TO 9TA MONYTPYNINE ABIAETCA KOHETHO ONPEASIeHHOM.
Wccneaopana taxme npobiema, Korjaa HabODbl THIOB BETBIGHHA OIHO3ZHAU-
HO ONPEeAENAT COOTBETCTHYIOIINE HENPHBOAHMbIE KOMIOHEHTL! NPOCTPAHCTRA
CypBuna. 3 wacTHOCTH, NIOAHOCTLIO OMMCAHO MHO/KECTRO HENPHBOAMMELIX KOM-
MOHEHT TIPOCTPAHCTBA ['YDBHIIA TPEXJIMCTHBIX HAKDPBITHE NPOSKTHBHOH npa-
MOH,

Bubauorpadua: 14 svanmeHosanni,

Kniodesbre cnoBa: OOAYTPyNNa, PasloKEHUA Ha MHOMKHTENH DJIEMEHTA
IpyIIhl, HEOPHBOIUMbIE KOMIOHEHTEI NPOCTPAHCTEBA ['ypBHIA.

Bseaenne

OBnivao, gTobe HeeaegoBarh npocrpaneTro Dypouta HUR (P!) naxprrTail npo-
exTuBHOH mpamoil P! ;= CP! crtemenu d, Henons3yeTcs caenyomuii noaxon. Pux-
cupywoTea rpyina [anya ¢ HaxpeITHl, SHCA0 b TOYEK BETBICHNS U THIEl JOKAIb-
HBIX MOHOZDOMHE BeTBigeHus (T.e. (MHKCUPYIOTCA HABODEHI, COCTOAIUME K3 D Kiac-
COB CONMPSKEHHOCTH 3JIEMEHTOE TPYNNEL (), W TOCIe STOTO MHOMECTEC HabOpos,
COCTOSILIMX M3 NPEACTABHTEIEH 9TUX KJIACCOD COMPSMEHHOCTH, KCCAEAYeTeI ¢ ToY-
HOCTBI) 0 TAK HA3BIBAEMBIX Npeofpazopanuwii ['ypsuua (oM., Hampumep, [1-{9]).
CymecTsyeT HeCKOABKO APYTiX npofaen: (HarpuMep, ONHCATE MHOMXKECTEO TUTOCKHX
aJrebpautecKHX KPHBHIX ¢ TOYHOCTRIC A0 IKBHCUHTYASPHON gedopaalnui, wid, Ho-
JI08 0611[(3. OIIHCATL MITOZKCCTRO 1LTOCKHX lI("CH,JL()I‘().II()I\[Op(l)[[bIX KPHBLIX ¢ TO'IOCTLIO
JIO CHMILTEKTHYeCKoH JedbopMaumn, ONHCATh MHOMKCCTBO CUMIIeKTHYECKHY Ny YKODR
Jedmena ¢ TOYHOCTEN 50 A1d GeoMOPGHU3MOE ). B KOTOPBIX TAKYKE BOSHHKAIOT aHa-
JOTHYHEBIE OBBEKTRl, a HMEHHO KOHeyHble HaGoDEl, COCTOAIIKE HE /ICMEHTOB HEKO-
TOPBIX TPYTI H PACCHMATPHBAEMBIE ¢ TOYHOCTBIO A0 npeobpasonanni ['ypsmia (cu.,
nanpumep, [10]-[12]). {B caydae nmockux anireGpan<eckHx W TCeA0TOIOMOPOHEIX
KPHBBIX, 4TODBI [OIy49HTh TaKHe HABODEL, BROHDPAeTES My4oK NPAMBIX (IICeBIONDS-
MBIX), 33JAI0MHE PACcCAOEHHE Ha L MPOeKTHBHON mpsnolt PH) Kak Gruto mokasano
B [13]. Ha mHOMecTEAX TakmX HaBOPOB, PACCMATPHBAEMEIX ¢ TOYHOCTBE) /0 IIPE-
obpazonanpil ['ypsulia, HMEOTC] eCTECTBEHREE CTDYKTYDSl MOJXYTPYIIL, & HMEHHO

Paora Bumonneua upH cunancosoll noanepxige POPOH (rpant Ne 11-01-00185), Ilpo-
rpavuMur Hpespaenta PO Tloggeprska peaynmx HayuHbrx Jukot {rpant HIII-1713.2010.1) =
Jlaboparopuu anrebpanseckoit reoserpur I'Y-BIII2 ne rpaury ITpaputenscrea PP {aorosop
Ne 11.G34.31.0023).

@ Buk. C. Kynukon. 2011
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[Monyrpynnel pasaoXKeHUE HA MHOXKHTENIU W HEIIPUBOJUMBIC KOMIIOHEHTHI
npocrpadcrea ['ypeuna. 11

Buk. C. Kymmkon
Momesmamunecxul unemumym um. B. A. Cmenavsa PAH

JAHHAS ¢TaTLs ABATeTCsT NponoiRKeHreM cTaThi [7]. PaceMmaTpusaercst npocrpaH-
creo 'yppuna HURdc:t(IP’l) HAKDBITHIT cTeneHM d DpoeKTHBHON npsamoft P* ¢ rpynnott
laaya C. v uMcionInX GHKCHPOBAHHRIA THII MOHOJPOMNH T, COCTOANMH 113 HADOPa JI0-
KATLILIX TUIIOB MONIOAPOMEN (T.e. Hafopa KTACCOB COUPIMKCIUIOCTH IEePecTAIIOBOK &
13 CHMMEeTPH4ECKOH I'PYIILl Sy, KoTopas /eficTByeT Ha MHOxecTRe Iy = {1,...,d}).
Mer qoKas3bIBaeM. UTO €CTH THI f COUEPKHT JOCTATOYHO OOIBINOE YHC.TO JTOKATLHBIX
MOHOAPOMHM. IPHHAILTEKAIINX KJACCY CONPSAKeHHOCTH ' HeYeTHOH ITepecTAHOBKH (7.
KOTORAST OUTARASICT HCNO,IBHIKHLIMH fr 2 2 2JCMCHTOB H3 [y, TC IPOCTPAHCTRO [ yp-
suna HURSY(P') spasercs HenpuBoIMMbIM MHOTOOGpAIHEM.

NOAYSPYNNA. PAIAOHCEHUA HA MHONCUMEAN IACMERMEA 2PYNTLbL, HERPUGOOUMBLE KOMTIO-
newmb npocmpancmaea ypsuya.
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H.B. Herait

ITapatonmyecku CBA3HBIE MOATDYIIIBI

Haiigessr Bee peayKTUBHEE chepHuecKne DOIrpynnsl rpyrne: SL{n}, ona
KOTOPBIX NEPEceveHns ¢ KAXKA0H napabonnyeckoil nonrpynnoi rpynmsr SL{n)
€BA3HbL. DTO YCAOBHE TADAHTHDYET aarebpaniHocTh OTKPLITEIX 3KBHBAPHAHT-
TBIX BJIOMEHHH COOTBETCTBYIOUINX ONHOPOIAHBIX NPOCTPAHCTE B NPOCTPAHCTEE
Moitmesona.

Bubauorpadus: 6 HaspaHHii.

Knrogepble cloBa: peAyKTHBHAF Cpynna, napabofHYeckas MOArpyrina,
cheprteckaa noarpynna, duar, npocrpascteo Moltmesona.

§1. Bseueraue

Ilyere 7 — cpaswag peayKTuBHAR aarebpantiecKas rpyIa Hal TIOTeM KOMILIEK -
mueix gucern C.

OnNPEAEJNEHUE 1. 3amxayryro nogrpynny H C G Ha30BeM napabosudecki ceas-
notl, ecau s giroboit mapabosndecxolf noarpynmsl P C G nepecevenne P H
CBSISHO.

[Tonezno OTMETHTB. YTO €CiHd Js jaHHON anrebpamveckod nogrpyunsl H o ee
nepecedenue ¢ nobol bopenesckoil monrpynmo# B C G ces3po, To H papabomu-
veckn cpsa3da B (. B castom pene, nyeTs P C G — napabonuueckas IOArDyIIa
u B C G — 6opeacsckast moarpynna. copepxamasncs 5 FP. Torna B Takke sin-
Js1eTes Hopenesckoit moarpyrnnoi B P, Beskull aMemesT cBa3HOl anrebpantieckoit
noarpynnst P gexuT § HekoTopol ee fopesenckoil nogrpynne (cn. [1; ro. 8, §22]},
1 HNP =zcp(HNB) B ostom ofbvenunennn xkaxapiit snement H N B cpssen
H COTEDKUT efHEMILy, Tak uro H N P cesasuHo.

TToCKOMBKY TOArPYIE YHAIOTEHTHOR PYNTBI CBI3HA, KAXKAas yHUMOTEHTHAS
nogrpynna H C G smiasercs: napaboandecku cBsi3Hoi. B pafore (2] noxazamo,
MTO IS CBSI3HOM penykTunHoM rpymmer H amarcdans AH = {{h.h) : h € H}
napafoangeckn ceszna B rpynrne G = H x H (Teopema 3}.

Hanonmum, uto anrebpamuecxas nogrpynna H C G Haseipaercs cfepuneckotl,
eC/IN HHAYIMPOBanHoe AefcToie Gopeaesckoll noarpy el B rpynmnst G #a OXHOPOJI-
HOM npocTpaHceTse G/ H umeeT 0TKPRTYR opOuTy. OCHOBHEIM PE3ybTATOM HACTO-
Amel paboThl ABJIAETCT KAACCUDHUKALHS HAPABOIHIECKU CBA3HBIX DeOyKTHBHBIX
cdepudecknx noarpynn B rpynme SL{n). Hama sagata — subpats napaboamieckH
CBSRHEE TOALPYINE W3 CIHCKA CBAIHBIX PEIYKTHBHEIX CQEPHYECKMX TOArpyII,
noay4ersoro B pabore [3]. Cunmosonm S{(GL{m) x GL{n)) oboszmraunn moarpymnny
B SL(m + n), cocroanyno u3 Beex HI0YHOAMATOHATLHBIX MATPHII, DA3MEDPE! GII0KOTE
KOTODHX paBHBL m ¥ n. I'pynma SL{m) x SL(n)} naokena v rpyumy SL(m + 1)

(©) M.B. Heraf. 2011
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COHERENT ANALOGUES OF MATRIX FACTORIZATIONS

AND RELATIVE SINGULARITY CATEGORIES
LEONID POSITSELSKI

ABSTRACT. We define the triangulated category of relative singularitics of a closed
subscheme in a scheme. When the closed subscheme is a Cartier divisor. we con-
sider matrix factorizations of the related seetion of a line bundle, and their analogues
with locally free sheaves replaced by coherent ones. The appropriate exotic derived
category of coherent matrix factorizations is then identified with the triangulated
category of relative singularities, while the similar exotic derived category of locally
free matrix factorizations is its full subcategory. The latter category is identified
with the kernel of the direct image functor corresponding to the closed embed-
ding of the zere locus and acting hetween the conventional (absclute) triangulated
categories of singularitics. Similar results are obtained for matrix factorizations
of infinite rank; and two diffcrent “large” versions of the triangulated category of
singularities. due to Orlov and Krause. are identified in the case of a divisor in a
smooth scheme. Contravariant {coherent) and covariant (quasi-coherent) versions
of the Serre-Grothendicck duality theorems for matrix factorizations are estab-
lished. and pull-backs and push-forwards of matrix factorizations are discussed at
length. A number of general results about derived categorics of the second kind for
CDG-modules over quasi-coherent CDG-algebras are proven on the way.

CONTENTS

Introduction
1. Exotic Derived Categorics of Quasi-Coherent CDG-Modules

1.1.
1.2
1.3,
1.4.
1.5.
1.6.
1.7.
18.
1.9.
1.10.

CDG-rings and CDG-moduics

Quasi-coherent CDG-algebras

Derived categories of the second kind

Finite flat dimension theorem

Fully faithful embedding

Finite homological dimension theorcm

Gorenstein case

Pull-backs and push-forwards

Morphisms of finite flat dimension
Supports of CDG-modulcs

2. Triangulated Categorics of Relative Singularities

2.1.
2.2.
2.3.
2.4,

Relative singularity category

Matrix factorizations

Exotic derived categories of matrix factorizations
Regular and Gorenstein scheme cases
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MIXED ARTIN-TATE MOTIVES WITH FINITE COEFFICIENTS

LEONID POSITSELSKI

ABSTRACT. The goal of this paper is to give an explicit description of
the triangulated categories of Tate and Artin-Tate motives with finite
cocflicients Z/m over a field K containing a primitive m-root of unity
as the derived categories of exact categories of filtered modules over the
absolute Galois group of X with certain restrictions on the successive
quotients. This description is conditicnal upon (and its validity is equiv~
alent to) certain Koszulity hypotheses about the Milnor K-theory /Galois
cohomology of K. This paper also purports to explain what it means
for an arbitrary nonnegatively graded ring to be Koszul. Tate motives
with integral coefficients are discussed in the ~Conclusions” section.

2010 MATHEMATICS SUBIECT CLASSIFICATION. 12G05, 19D45, 16537.

KEY WORDS AND PHRASES. Tate motives, Artin-Tate motives, motives with
finite cocflicients. Milnor-Bloch-Kato conjecture. Beilinson—-Lichtenbaum con-
jecture, K, 1} conjecturc. Koszulity conjecture, Koszul algebras. nonflat
Koszul rings. silly fltrations.
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Abstract | References | Similar articles | Additional information

Abstract: The aim of this paper is to construct the derived nonhomogeneous
Koszul duality. We consider the derived categories of DG-modules,
DG-comedules, and DG-contramodules, the coderived and contraderived
categories of CDG-modules, the coderived category of CDG-comodules, and the
contraderived category of CDG-contramodules. The equivalence between the latter
two categories (the comodule-contramodule correspondence) is established.
Nonhomogeneous Koszul duality or “triality” (an equivalence between exotic
derived categories corresponding to Koszul dual (C)DG-algebra and
CDG-coalgebra) is obtained in the conilpotent and nonceonilpotent versions.
Various A-infinity structures are considered, and a number of model category

structures are described. Homogeneous Koszul duality and D-§2 duality are
discussed in the appendices.
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Hori—-Vafa mirror models for complete
intersections in weighted projective spaces
and weak Landau-Ginzburg models
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Abstract: We prove that Hori-Vata mirror models for smocth Fane complete intersections in weighted prejective spaces
admit an interpretation as Laurent polynomials.

MSC: 14433, 14M10, 14Q15
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Mirror symmetry of variations of Hodge structures states that far any smoath Fano variety X there exists a dual
Landau-Ginzburg model /: ¥ — € such that an essential part of the regularized quantum differential equation for X is
of Picard-Fuchs type. In other wards, the solutions af a certain differential equation (constructed via genus 0 Gromav—
Witten invariants for X — the numbers which count rational curves lying on X) are the pericds of the dual family (for
more details and references see [10]). By definition, the relevant Picard~Fuchs differential equation depends anly on
relative birational type of Y. If one assumes ¥ = (€ )V one can translate mirror correspondence to the quantitative
level, that is, to combinatorics of Laurent polynamials. Then f may be represented by a Laurent polynomial, which is
called a {very) weak Landau-Ginzburg model. The following conjecture states that this hypothesis is not very restrictive,
particulary for the case of Pic X = Z.

Conjecture 0.1 {[10]).

Any smooth Fana veriety of dimension N with Picord ronk 1 hos a weak Landau-Ginzburg model f € ClxZ', .. x%')

* E-mail: victorprz@mi.ros.ru, victorprz@gmail.com
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Group Actions on Affine Cones

Takashi Kishimoto, Yuri Prokhorov, and Mikhail Zaidenberg
To Peter Russell on the oecasion of his TOth birthday

ABSTRACT. We address the following question:
For which smooth projective varictics the corresponding affine cone ad-
mits an action of a comiected algeblraic group different from the standard
Gn-action by scalar matrices and ils inversc action?

We show in particular that the affine cones over anticanonically einbedded
smmooth del Pezzo surfaces of degree 2> 4 possess such an action. Besides, we
give sope examples ol rational Fano threefolds which have this property. A
question in [29] whether this property holds also for smooth cubic surfaces
in B*. occurs to be out of reach for our methods. We provide nevertheless a
general geometrie criterion that cculd be helplul in this case as well.

Introduction

All varieties in this paper are defined over C. By Corollary [.13 in [29]. an
isolated C'ohen—Alacaulay singularity {X.x) of a normal quasiprojective varicty
X is rational provided that X admits an effective action of the additive group
G, = G (C) = C4, in particular of a connected nonabelian algehraic group. In the
opposite direction, let us observe that. for instance. the singularity at the origin of

the affine Fermat cubic in £4

:L'f—l-a:%-l—x%-l—a:f:()
is rational. The question was raised |29, Question 2.22] whether it also admits
a nondiagonal action ol a connected algebraic group. in patticular. a G,-action.

2010 Mathcmatics Subject Classification. Primary 14R20. 14J45: Secondary 14J50, 14R05.

Hey words and phrases. Affine cone, del Pezzo surface. Fano threefold, automorphism. addi-
tive gronp, group action.
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SIMPLE FINITE SUBGROUPS OF THE CREMONA
GROUP OF RANK 3

YURI PROKHOROV

Abstract

We classify all finite simple subgroups of the Cremona group Cri(C).

1. Introduction

Let k be a field, The Cremona group Crg(k) is the group of hirational automorphisms
of the projective space PE. oz, cquivalently, the group of k-automorphisms of the rational
function field k{t;....,t4). It is well-known that Cry(k) = PGLa{k). For d > 2. the
structure of Crg(k) and its suhgroups is very complicated. For example, the classification
of finite subgroups in Cra(C) is an old classical problem. Recently this classification
almost has been completed by Dolgachev and Iskovskikh [DI08). The following is a
cousequence of the list in {DIOG].

Theorem 1.1 ([DI06]). Let G C Cra(C) be a non-abelian simple finite subgroup.
Then (7 is isomorphic Lo one of the following groups:

(1.2) As, Ug. PSLy(7).

However. the methods and results of [DI0G] show that one cannot expect a reasonable
classification of all finitc subgroups of Cremona groups of higher rank. In this paper we
restrict ourselves with the case of simple finite subgroups of Crz(C}. Ow main result is
the following:

Theorem 1.3. Let G C Crz(C) be a non-abelion simple finite subgroup. Then G is
isomaorphic lo one of the following groups:

(1.4 s, Ag. Ay, PSLa(7). SLa(8), PSpy(3).

All the possibilities occur.
In particular. we give the affirmative answer to a question of J.-P. Serre |Ser09. Question
6.0]: there are a lot of finite groups which do not admit any embeddings into Cra(C).
More geuerally we clossify simple finite subgroups in the group of birational automor-
phisms of an arhitrary three-dimensional rationally connected variety and in many cases
we determine all birational wodels of the action:

Theorem 1.5. Lei X be a rationally eonnected threefold and let G < Bir(X) be a
non-abelian simple finite subgroup. Then G is isomorphic cither to PSLa(11} or to one
of the groups in the st (1.4). All the possibilities occur. Furthermore, if G does not

The author was partially supported by RFBR (grant No. 11-01-00336-a), Lceading Scientific
Schools (grants No. 1983.2003.1, 1987.2004.1), and AG Laberatory HSE (RF government grant ag.
11.G3-4.31.0023).
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Prokhorov, Yuri

p-elementary subgroups of the Cremona group of rank 3. (English)

Faber, Carel (ed.) et al., Classification of algebraic varieties. Based on the conference on
classification of varieties, Schiermonnikoog, Netherlands, May 2009. Ziirich: European
Mathematical Society (EMS). EMS Series of Congress Reports, 327-338 (2011). ISBN
978-3-03719-007-4/hbk

The author gives an upper bound for the rank of a p-elementary subgroup of the group
Bir(X) of birational automorphisms of a rationally connected threefold defined over C,
ie. subgroups of the form G = (u,)*, where p, is the cyclic group of order p. He also
proves that the given bound is sharp when X is the projective space P* and p > 17.
More precisely, his main result asserts that for such a subgroup one obtains s < 7 (5; 4;
3, respectively) if p =2 (3; 5, 7, 11 or 13; 17, respectively). As an important corollary
it follows that if Bir(P") is isomorphic to Bir(P%), then N = 3.

To obtain the main result the author first notices that one may suppose that G acts
biregularly on X and then one may apply the G-equivariant minimal model program.
This allows him to replace X with a G-equivariant Mori fiber space f : X — Z, in the
category of projective normal varieties with at worst terminal singularities and where
every G-slable Weil divisor is @Q-Cartier.

In the two cases where Z is not a point one considers the kernel Gy of the natural
homomorphism G — Aut{Z). Then G, := G/Gy acts transitively on Z and Gy acts
effectively on a general fiber of f. Since Gy and G are p-elementary with ranks sg, $1
such that s = sg + 51, the main result follows, in this case, from the corresponding
results for rational varieties of dimensions 1 and 2.

If Z is a point, i.e. X is a G-Fano variety, one has the most difficult and technical part
of the proof. The rank of G is bounded in several steps depending on the genus, index
and Picard number of X, by taking into account the geometry of the pair (X, Kg¢),
where K ¢ denotes a canonical divisor for X.

lvén Pan (Montevideo)
Keywords : birational automorphisms; rank of a p-elementary subgroup
Classification :

x 14EQ7 Birational automorphisms, Cremona group and generalizations
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Prokhorov, Yuri [Prokhorov, Yu. G.] (RS-MOSCMA-AL)

p-elementary subgroups of the Cremona group of rank 3. (English summary)
Classification of algebraic varieties, 327-338, EMS Ser. Congr. Rep., Eur. Math. Soc., Ziirich,
2011.

The author classifies possible p-elementary finite subgroups of the Cremona group of birational
transformations of the three-dimensional projective space over an algebraically closed field of
characteristic 0. Although, in the two-dimensional case, the classification of conjugacy classes
of finite subgroups is more or less known [I. V. Dolgachev and V. A. Iskovskikh, in Algebra,
arithmetic, and geometry: in honor of Yu. I. Manin. Vol. I, 443-548, Progr. Math., 269, Birkh&user
Boston, Inc., Boston, MA, 2009; MR2641179 (2011¢:14032)], the similar problem in the three-
dimensional case is wide open. The paper makes an important contribution in this direction. The
main result asserts that the rank » of a p-elementary group of birational automorphisms of a
rationally connected threefold is less than or equal to 7ifp=2,5ifp=3,41fp=5,7,11,13,
and 3 ifp > 17. For any p > 17, this bound is attained for some subgroups of the Cremona group.
To compare this result with the two-dimensional case, we have in thiscase r <2 ifp > 3,r <4
ifp=2,and r < 3if p = 3 [A. Beauville, J. Algebra 314 (2007), no. 2, 553-564; MR2344578
(2008g:14019)7.
{For the entire collection see MR2742569 (2011i:14001)}
Reviewed by 1. Dolgachev
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Holonomy of the Obata Connection on SU(3)

Andrey Soldatenkov

Laboratory of Algebraic Geometry, HSE, 7 Vavilova Str., Moscow 117312,
Russia

Correspondence to be sent to: e-mail: aosoldatenkov@gmail.com

A hypercomplex structure on a smooth manifold is a triple of integrable almost
complex structures satisfying quaternionic relations. The Obata connection is the
unique torsion-free connection that preserves each of the complex structures. The
holonomy group of the Obata connection is contained in GL(n, H). There is a well-known
construction of hypercomplex structures on Lie groups due to Joyce. In this paper we
show that the holonomy of the Obata connection on SU(3) coincides with GL(2, H).

1 Introduction

Consider a smooth manifold equipped with a triple of almost complex structures
satisfying quaternionic relations. The manifold is called hypercomplex if these almost
complex structures are integrable. Hypercomplex manifolds were defined by Bover [3]
and they have been much studied since then. There exist many examples of such man-
ifolds including hyperkdhler manifolds, nilmanifolds, Lie groups with hypercomplex
structures, and others. Boyer also classified compact hypercomplex manifolds of real
dimension 4. Homogeneous hypercomplex structures on Lie groups appeared in the con-
text of string theory (see [10]} and then in the work of Joyce [6].

Each hypercomplex manifold is endowed with a torsion-free connection

preserving all the complex structures, which is called the Obata connection.
Received April 12, 2011; Revised July 11, 2011; Accepted July 15, 2011
Communicated by Prof. Dmitry Kaledin

(© The Author{s) 2011. Published by Oxford University Press. All rights reserved. For permissions,

please e-mail; journals.permissions@oup.com.
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SPECIAL LAGRANGIAN FIBRATIONS ON THE FLAG VARIETY F3
© N. A. Tyurin®

We propose a construction of a Lagrangian torus fbration of the full lag variety in C®. In contrast to the
classical fibration obtained from the Gelfand Zeitlin system. the proposed fibration is special Lagrangian.

Keywords: fag varicty, Lagrangian torus. pscudotoric structure. special Lagrangian fibration

1. Introduction

Lagrangian fibrations of symplectic manifolds arc iimportant for several applications. From the classical
mechanics standpoint, if a phase space is fibered into Lagrangian submanifolds, then the motion of the
corresponding system with a Hamiltonian function whose Hamiltonian veetor field is parallel to the fibration
can be described in terms of the fibers, and this can be denc even in the case wherc certain fibers are singular.

One approach adopted in geomoetric quantization (GQ) is realized in the same sctup. If a given phasc
space is fibered inte Lagrangian submanifolds. then we take the so-called Bohr Sommerfeld fibers, which
form a disercte subset, and this subsct generates the corresponding Hilbert space. We mention here that the
notion of a Bohr Sommerfeld Lagrangian submanifold is applicable to certain singular Lagrangian fibers.
Homological mirror symmetry (HMS) can today be treated by considering a Lagrangian fibratiou and
deriving a Anite set of Aibers satisfyiug certain conditions in terms of the Fukaya Floer cohomology. Again,
we could trv to count holomoerphic dises for certain singular tori, and it hence scerus that this approach to
HMS can be extended to the cases where the fibrations have singular fibers.

The ideal model situation for our considerations is provided hy toric geometry [I]. If we work with
a symplectic toric manifold. i.c., with the phase space of a completely inteprable system, then there is a
canouical Lagrangian fibration paramcterized by a convex polytope, which leads to introdueing the action
angle variables with a complete solution of the system. At the same time, the abovementioned GQ and
HMS mcthods work heautifully in the toric case. The problem is that the sct of toric manifolds is not so
large and there exist other manifolds that do not have a toric structure for topological reasons but must be
involved in the consideration.

For a compact syinplectic toric manifold {A{.w), the canonical Lagrangian fibration is not completely
regular. A dimensional reduction occurs. and smooth Lagrangian tori fill not the entire M but the comple-
ment M\ D. where D is a “symplectic divisor” whose homology class is Poincaré dual to the anticanonical
class of Af. The symplectic submanifold I of real codimension two consists of a number of irreducible
components D,. and cach component as a symplectic manifold is fibered into Lagrangian tori that are
isotropic in Af. The general picture can be described in terms of the moment polytope P: cach facet of it
is the moment polytope of a simooth symplectic toric manifold whose real dimension is twice the dimension
of the facet, In this sctup. it is rcasonable to call D the boundary divisor.

“Joint Institute for Nuclear Research. Dubna. Moscow Oblast. Russia; Higher School of Economics. Moscow,
Russia; Moscow State University of Railway Engineering (MIIT), Moscow Russia, e-mail: ntyurin@theor jinr.ru.

Prepared [tom an English manuscript submitted by the author; for the Russian version. see Teoreticheskava f
Matematicheskaya Fizika, Vol. 167, No. 2. pp. 193 205. May, 2011. Original article submitted August 1, 2010.
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B MOCKORBCKOM MATEMATWYECKOM OBLUECTBE (¥MH. TOM 66, Ber7. 1) 185

Topsl YIexkaHOBa H MICEBAOTOPHUECKHE CTPYKTYPHI

H. A Twpnun

Toput TlekanoBa JOCTARISAIOT TPHMCPB IK30THUICCKHX MOUQTOUIBIX JAIPAIDKCBLIX T0-
POB, HE NEPEBOIKAMBIX B CTAHAADTHHIE TOPh! CHMILIEKTOMODDRIMAMY, b RIT, TP x. - -xCP!
¥ HEKOTOPBIX NPOEKTHBHBIX npocrpaHeTsax (car. [1]). Ilenouka sTux npumepos BhipacraeT
M3 KOLCTPYKIMH Aarpamkesa Topa © C RY. Npeorasicinora ssio | 1eIBsIo B CTaBIMX
kaaccreckunu paforax [2] u [3]. C apyro# eroponst, B paBotax [4]. [5] 6s110 npeanoxeno
OBOOIIEHHE IGHATHS TOPHYCCKOH CTPYKTYPBL HA CHMILIEKTHYECKHX MHOTOOODAIZHAX, IOy~
HHBIICC HAZBAIHG RCEEGAGTMOPUNe ROt CTnpyRIAypo. TAK XKC. KAK M TOPHICCKASL. [ICCHI0TO-
PHYECKaA CTPYKTYpa NOPOMKIAET IPOCTPAHCTBY JJATPAHKEBBIX CJAOEHHA ¢ OOLIHMM [ITaAKMHML
CI0eM. OCOSLIe CAOH KOTOPLBIX OTMHYAKTCS CYIUECTEOBAHMEM HAa HHUX cellapaTpHCHBIX pe—
IICITR .

B HacTOsImEM KpaTKOM coofmeHrn ab1 crpoumM Top Yexanosa @F © R*¥ 2 onpeaeaen-
oIt o [1], K8k rIaAKH AArPaIDKCS TOP. TIOPUNKAACMEIA ICCBAOTOPIICCKOR CTPYKTYPOil.
OTciofa BLITEKAST BOIMOMHOCTE NOCTPOSHHS IKIOTHUCCKHX MUHOTOHHBIX JATDAHMKEBBIX
TOpUB THIA YleKaHOBA HA TOPHRYEcKHX MHOroobpasusx Pano.

Paccasorpum B 1? ¢o cTAHOAPTHBIMH KOMILIEKCHOR M CHMILIEKTHYCCKON CTPYKTYPa-
aon, T.e. CFFY . Bacdmxenpyen xoopamHaTE (21, ..., Zkt1): TOCAA HMEETCA OTOBPAMKEHHE
P CFF o T 3anasaemoe dopmynoi

(Z],...,Zk,‘,l)l—)!’L:Zl X"’X2k+1E'CO,.

Cron v — rnepoopepxroct ¢ C¥Y | maaaxne sa nexmodeen caos nax myaesM. TaMmib-
TOHOBO AgficTrHe TOpa T*+1 moskeT BEITE BBIGPAHO TAK, 4TO HMEeTcs mogrop To, AefcTBHe
KOTOPOry COXPaHAeT cJI0M . A EMEHHO, 9TOT NOATOD BBLASJEH YCIOBHEM

k41

Z ey, = 0.
=1

rae c, — peca. OTOBpAaMKEHHA MOMEHTOB AN TaMHILTOHUBA mefictang Ty AaTen cpel-

HuMi 3HdgendsSam F; = (d;any). p € CF+) . camoconpsikenusix oneparopos A4; =
diag{A;,....Ax (1), tae A, = 1. Aqp = —1 n A, = 0 111 ocransHeix HHAekcoB. Tor-
Ja HeTpyaHo BHIeTh, uto {F1,.... Fi} - xoamyTHpyrommn# Habop Ha C**!, orpannuenne

KOTOPOro Ha KaXXABIH LIBAKHE ¢Ioli ¥ €CTh BOOJHEE MHTErpHpYEMAas cuerema (Cu. [6])
CrpyxTypa TAKOTO THOE HA3BIBALTCH ncesdomapuneckots cmpynmypot (ReTa1bHOe oIpe-
deenme cal B [5]).

Ecau saguikcuposats Habop (cf, . ...cn) HEKPHTHUECKMX 3HAUEHME A OrpaHuqeHmnit
FP, ... £ na npoussoibHeii rIagkmit caod Ny (r.e. —1 < ¢ -2 1), To cosMecTHOE MHO-
aeerne yposus Si oy = {7 = e} C Na — PUS/IKHI JArPATGRes TOP U KAKIONO
a # 0. Toraa seifop npoH3BOIBHON r1agkoit netan v C T, = Z,\ {0} onpenenner riaxkuil

Jarpamxes Top B oFTh:

kil _ —
T = yders i) T U S(ufl-- RPN

agy

Paanuuarores apa caywasn: ¢TAHIAPTHBIA THI. KOTAa ~ HecTsiruBaema B 1 nir Yekanosa,
Koria v crarnsaeMa B L, . Hagsanus Tnnos ofbsCHAIOTCA CISAYIONIMM VTBEDXKICHHEM,

Pabora BemmoaHeHa npH noanepxkxe JlaBoparopun anrefpaurtieckoit reonserpud [W-BIUS.
rpauT upapdreiascrsa PP gor 11.G34.31.0023. a rtaxske rpantos POOU-HIIHILT {rpanr
Ne 10-01-93113) w nporpanmsb “Beyuue naysuoe wxount {rpar HTT-1987.2008.1).
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Abstract: Recently Alday, Gaiotto and Tachikawa [2] proposed a conjecture relating
4-dimensional super-symmetric gauge theory for a gauge group G with certain 2-dimen-
sional conformal field theory. This conjecture implies the existence of certain structures
on the (equivariant) intersection cohomology of the Uhlenbeck partial compactification
of the moduli space of framed G-bundles on P2, More precisely, it predicts the existence
of an action of the corresponding W-algebra on the above cohomology, satisfying certain
properties,

We propose a “finite analog” of the (above corollary of the) AGT conjecture. Namely,
we replace the Uhlenbeck space with the space of based quasi-maps fromP! to any partial
flag variety G /P of G and conjecture that its equivariant intersection cohomology car-
ries an action of the finite W-algebra U (g, ¢) associated with the principal nilpotent
element in the Lie algebra of the Levi subgroup of P; this action is expected to satisfy
some list of natural properties. This conjecture generalizes the main resuit of [5] when
P is the Borel subgroup. We prove our conjecture for G = GL{N), using the works
of Brundan and Kleshchev interpreting the algebra {/(g, ) in terms of certain shifted
Yangians.

1. Introduction

1.1. The setup. Lel G be a semi-simple simply connected complex algebraic group (or,
more generally, a connected reductive group whose derived group [G. (] is simply con-
nected) and let £ be a parabolic subgroup of G. We shall denote by L the corresponding
Levi factor. Let B be a Borel subgroup of &G contained in P and containing a maximal
torus T of G. We shall also denote by A the coweight lattice of G (which s the same as the
lattice of cocharacters of T'); it hasa quotient lattice A p = Hom(T*, L/[L, L]}, which
can also be regarded as the lattice of characters of the center Z (L) of the Langlands dual
group L. Note that Ag g = A. The lattice A, p contains the canonical sub-semi-group
A% p spanned by the images of positive coroots of G.
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Character D-modules via Drinfeld center
of Harish-Chandra bimodules
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Abstract The category of character D-modules is realized as Drinfeld cen-
ter of the abelian monoidal category of Harish-Chandra bimodules. Tensor
product of Harish-Chandra bimodules is related to convolution of D-modules
via the long intertwining functor (Radon transform) by a result of Beilinson
and Ginzburg (Represent. Theory 3, 1-31, 1999). Exactness property of the
long intertwining functor on a cell subgquotient of the Harish-Chandra bimod-
ules category shows that the truncated convolution category of Lusztig (Adv.
Math. 129, 85-98, 1997) cau be realized as a subquotient of the category
of Harish-Chandra bimodules. Together with the description of the truncated
convolution category (Bezrukavnikov ct al. in Isr. J. Math. 170, 207-234,
2009) this allows us to derive (under a mild technical assumption) a clas-
sification of mreducible character sheaves over C obtained by Lusztig by a
different method.
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DYNAMICAL WEYL GROUPS AND EQUIVARIANT
COHOMOLOGY OF TRANSVERSAL SLICES ON AFFINE
GRASSMANNIANS

ALEXANDER BRAVERMAN AND MICIHAEL FINKELBERG

AnsTRACT. Let & be a reductive group and let & be its Langlands dual. We give an
iuterpretation of the dynamicat Weyl group of & defined in [5] in terins of the geometry
of the affine Grassmannian Gr of . In this interpretation the dynamical parameters
of [5] correspond to equivariaut parameters with respect to certain natural torus acting
on Gr. We also present a conjectural generalization of our results to the case of affine
Kac-Moody groups.

1. Introduction and statements of the results

1.1. Notations and overview. W¢ mainly follow the notations of [3]. So & D
B 2T is a reductive complex algebraic group with a Borel subgroup, and a Cartan
subgroup. Let & O T denote the Langlands dual group with its Cartan torus. Let
K =C((t}). O =C[E]]. The affine Grassianuian Gr = Grg = G(X)/G(Q) carrics
the category Pervgg)y{Gr) of G(0)-cquivariant perverse constructible sheaves. It is
equipped with the convolution monoidal structure, and is tcusor cquivalent to the
tensor category Rep(G) of representations of G (sce [8), [6], [10]. [2]). We denote
by §: Rep(G) — Porvgoy{Gr) the geometric Satake isomoxphism functor, and hy
§: Rep(G) — Pervgoyxc- (Gr) its extension to the monoidal category of G{O) x C*-
oquivariant perverse constructible sheaves.

The Lic algebras of G O T are denoted by § D {. We have { = t* canonically. The
Wevl group of G, G is deuoted by W. Let A = Ag denote the coweight lattice of T
which is the sane as the weight lattice of T. The choice of Borel subgroup B © G
defines the cone A} C Ag of dominant weights of T

The lattice A = Ag is ientified with the quotieut T(X)/T(0). For A € A we
denote by t* any lift of A to T(X). Its image in Grg = G(X)/G(0) is independent
of the choice of a lift, and will be also denoted by #*, or somctimes just A € Grg.
Moreover. we will keep the saine pame for the closed embedding A — Gr. Let G
denote the G(@)-orbit of A, and let Gr* € Gr denote the closure of Gr*. It is well
known that Gr=[J, o4 Gr?, and that Gr* = Gr** iff A and u lic in the same W -orbit
on A, In particular. Gr = [y Gt

It is knowu that as a byproduct of the existence of S {or .§) onc can get a geometric
construction of finite-dinensional representations of G. It is not difficult to note

Received by the editors February 16, 2011.
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Abstract Laumon moduli spaces are certain smooth closures of the moduli spaces
of maps from the projective line to the flag variety of G L, . We calculate the equivariant
cohomology rings of the Laumon moduli spaces in terms of Gelland—Tsetlin subalge-
bra of U/ (gl,) and formulate a conjectural answer for the small quantum cohomology
rings in terms of certain commutative shift of argument subalgebras of U/ (gi,,).

Mathematics Subject Classification (2000) 20C99

1 Introduction
1.1 Cohomology of Laumon spaces

The moduli spaces &y were introduced by G. Laumon in [15] and [14]. They are
certain compactifications of the moduli spaces of degree d maps from P! to the flag
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Abstract Laumon moduli spaces are certain smooth closures of the moduli spaces
of maps from the projective line to the flag variety of GL,,. We construct the action of
the Yangian of s[,, in the cohomology of Laumon spaces by certain natural correspon-
dences. We construct the action of the affine Yangian (two-parametric deformation
of the universal enveloping algebra of the universal central extension of sl,[s%!, £])
in the cohomology of the affine version of Laumon spaces. We compute the matrix
coefficients of the generators of the affine Yangian in the fixed point basis of coho-
mology. This basis 1s an affine analog of the Gelfand-Tsetlin basis. The affine analog
of the Gelfand-Tsetlin algebra surjects onto the equivariant cohomology rings of the
affine Laumon spaces. The cohomology ring of the moduli space I, 4 of torsion free
sheaves on the plane, of rank n and second Chern class 4, trivialized at infinity, 1s
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Abstract 'We prove the existeuce of primitive curves and positivity of intersections of
J-complex curves for Lipschitz-continious almost complex struclures. These results are
deduced from the Comparison Theorem for J-holomorphic maps in Lipschitz structures,
previously known for J of class C'%P. We also give the optimal regularity of curves in
Lipschitz structures. It occurs to be C1E"HP e, the first derivatives of a J-complex curve
for Lipschitz ./ are Log-Lipschitz-continuous. A simple example that nothing better can be
achieved Is given. Further we prove the Genus Formula for /-complex curves and determine
their principal Puiseux exponents (all this for Lipschitz-continuous Jf-s).
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ARTICLE INFO ABSTRACT

Article history: We describe all local Riemannian metrics on surfaces whose geodesic flows are

Received 22 October 2010 superintegrable with one integral linear in momenta and one integral cubic in momenta.

Accepted 6 February 2071 We also show that some of these metrics can be extended to 5% This gives us new

Available online 22 February 2011 examples of Hamiltonian systems on the sphere with integrals of degree three in momenta,

sC: and the first examples of superintegrable metrics of nonconstant curvature on a closed
: surface.
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1. Introduction

1.1. Definitions and statement of the problem

Let M? be a surface (ie., 2-dimensional real manifold) equipped with a Riemannian metric g = {g;). The geodesic
flow of the metric g is the Hamiltonian system on the cotangent bundle T*M? with the Hamiltonian H := %g'ipipj, where
(x,¥) = (%1, x;) is a local coordinate system on M2, and {p,, py) = {p1, b2) are the correspondent momenta, i.e., the dual

coordinates on T°M?.
We say that a function F : T*M? — R is an integra! of the geodesic flow of g, if {F, H} = 0, where {, } is the canenicat
Poisson bracket on T*M?2. We say that the integral is polynomial in momenta of degree d, if in every local coordinate system
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