AnreﬁpanquKaH reoMeTpuda 6: ApTI/IHOBI)I KOJIbIIa U UAEMIIOTEHTHBI

Anrebpanveckas reomerpusa 6: APpTUHOBBI KOJIbIIA
1 UIEMIIOTEHTHI

31ech (Kak u BO BCEX JAPYTHUX JIMCTOUKAX) KOJIBIO 0603HATAET KOMMYTATUBHOE
KOJIBIIO C eJIMHUIEH, ajiredbpa — acCoruaTuBHas U HAJ[ TIOJIEM.

Onpenenenue 6.1. Ilycrs manma komMmyratuBHast R anrebpa c eauHureit Ha
monem k. T'oBopsar, uro R apTUHOBO KOJIBIIO HaJ MoJeM k, eciu R KOHEYHO-
MepHa KaK BEKTOPHOE IIPOCTPAHCTBO.

3amayva 6.1. [lycrs nan ymaeiinbrit oneparop A € End V', rne V' koneunomep-
vo. Paccmorpum mopanre6py B End V', mopoxkaennyio k u A. Jokaxkure, 9T0

3TO apPTUHOBO KOJIBITO HAT k.

Onpegnenenne 6.2. Dyemenr r € R B anrebpe (unu kosble) R HasbBaeTcs
HUJIBIIOTEHTHBIM, WM HUJILIIOTEHTOM, eciim ¥ = 0, ms kakoro-to k € N.

Sagaua 6.2. Ilycro r, 1’ — HuiabnorenTHbIe 3eMenThl B ajarebpe End (V). Bee-
rjaa Jia v + 1’ HuJabImoTenTen?

3amaya 6.3. Ilycte A € EndV — mmibnorenTHbIil oneparop. Jlokaxkure, 9410
tr(A) = det(A) = 0, a xapaxrepucrudeckuit moamuom chpoly 4(t) = t4mV,

3amaya 6.4. Jlokaxkute, ITO JIIOOOI TTPOCTOH Ma€a I B apTHHOBOM KOJIBITE MaK-
CHUMAJIEH.

3amaya 6.5. PaccMoTpuM MHOXKECTBO BCEX HUJIBIIOTEHTHBIX 9JIEMEHTOB B KOJIb-
ne R. lokaxknuTe, 9TO 3TO Mjeal.

Onpenenenue 6.3. DTOT ueaj HA3bIBAETCS HUJIbPAIAKAJIOM KOJIbIa K.

Sagaua 6.6. Paccmorpum daxrop KoJbiia R/n 10 ero nuibpaukaiy. Jloka-
JKUTE, YTO B R /N HET HEHYJIEBbIX HUJILIOTEHTOB.

Omnpenenenne 6.4. ApTuHOBO KOJIBIO R HA3BIBAETCS MOJLYIIPOCTBIM, €CJIU B
HEM HeT HEeHYJIEBbIX HUJIBIIOTEHTOB.

Onpenenenune 6.5. Ilycrs Ry, ..., R, — anrebpsl Haj mojem. Bo3bmem mps-
My cymMMy DR;, ¢ ecreCTBEHHBIM (IIOYJIEHHBIM) YMHOXKEHUEM U CJIOXKEHUEM.

[Tonygusmasicst anrebpa Ha3biBaeTCs IPAMOI cyMMoil R;, obosnadaercs GR;.

3amava 6.7. /lokaxkure, 4TO IpsiMasi CyMMa ITOJIYIIPOCTBIX apTUHOBBIX KOJIEIl
IIOJIyIIPOCTA.
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3amaya 6.8. [lycts v — s;memenT komeuyHOMepHOiT anreopel R naz k. Paccmor-

puM mozmpocTpancTso R, mopoxkaennoe 1,v,v?, v3, ... (e Beex cremeneit v).
ITycrs ono n-mepro. okaxkure, uro P(v) = 0 s HEKOTOPOrO TOJHHOMA
P =t g, t" 4+ ... c xoappunnenraymu u3 k. JIOKaxKuTe, UTO TaKOM IO-

JIMHOM €JUHCTBEHHDIN.

Onpenestenne 6.6. DTOT MOIMHOM Ha3bIBAETCSI MUHHMAJIBHBIM IIOJIMHO-
MOM 3JIeMeHTa v 1 obosHauaercst Minpoly(v).

Sagaua 6.9. Ilycrs v € R — 3jieMeHT apTUHOBOIO KoJibla HaJ k, a P(t) — ero
MUHAMAJIbHBIA TTOJIMHOM. PaccMmorpum momasredpy R,, mopoxiennyio v u k.
Hoxkaxure, uro R, uzomopduo xoublyy k[t]/P ocrarkos o momyio P.
Onpegenenne 6.7. Ilycrs v € R — Takoil smeMeHT aarebpsl R, uro v? = v.
Torga v Ha3bIBaETCS UAEMIOTEHTOM.

3amayva 6.10. Ilycte e € R — maemnorenT B kojbre. Jlokaxwnre, aro 1 — e
TOXKE UJEMIIOTeHT. JJoKaykuTe, YT0 MPOU3BE/ICHIE UJEMIIOTEHTOB — UJEMIIOTEHT.

3amaya 6.11. Ilycts e € R — uaeMnoTeHT B KOJblle. PaccMOTpuM IIpoCTpaH-
crBo eR C R (06pa3 ymuoxenus na e). JJokaxkure, aro eR — nopairedpa B R,
€ — eMHNYHBIA ssieMeHT B eR, 1 R = eR ® (1 — ¢)R.

Bapaua 6.12 (!). Ilycrs R = k[t]/P, rme P — noJuHOM, KOTODBIH pa3jiaraercst
B IIPOU3BEJIEHUE TIOMAPHO B3AMMHO ITPOCTBIX TMOJUHOMOB, P = P Ps ... P,. Jlo-
KaxkKuTe, 9To B R ecTh 1 MIeMIOTEeHTOB e, ..., e, C R, npuiem e; R = k[t]/P;.

3amada 6.13. Ilycte R — moJsiympocToe apTHHOBO KOJIBIO 0e3 HeeIUHUIHBIX
UJIeMIIOTeHTOB. JloKaxKuTe, 9TO 9TO TOJIE.

Vkaszaume. I[Iycrs R — He nosie. Pacemorpure noganrebpy k[z] C R, mopox-
JIEHHYI0 HEeOOPATUMBIM 3JIeMeHTOM T € R, m mpuMmeHuTe K Hell yTBepKjeHUe
npeablIyIneil 3a1a4un.

Onpenenenune 6.8. ['oBopsT, YTO JiBa UJIEMIIOTEHTA €1, €y € R B KOMMyTaTHB-
HOI1 ajirebpe R OpTOroHaJIbHBI, eciiu e1es = (.

3amaya 6.14. Ilyctb eo,e3 € R — UAEMIIOTEHTHI, IPUIEM €] = €9 + €3, a €3 U
€3 OpTOTOHAJIBHBI. JIOKaXKUTEe, ITO €1 — TOXKe UJAEMIIOTEHT, IPUIEM €3, €3 € e1 R

neR=eR®esR.
3amaya 6.15. Ilycts chark # 2. Ilpemnosoxkum, 9T0 €1, €2, €3 — UIAEMIIOTEH-

ThI B apTUHOBOM KoOJjbile R Ham k, m e; = ey + e3. Jokaxkure, 910 €2 u €3
OpPTOT'OHAJILHBI.
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Onpenenenune 6.9. Ilycrs R — apTuHOBO KO/IBIO HAL moseM k, Vmemmorent
e B R Ha3bIiBaeTcd HEPA3JIOXKUMBIM, €C/IM HeJIb3sd HAWTH TaKue HEHYJIEBLIE
OPTOTOHAJIbHBIE UJIEMIIOTEHTHI €9, €3, UYTO €] = €3 + €3.

Sagaua 6.16 (!). Iycrs R noaynpocroe apTHHOBO KOJIBIIO, & € — HEPA3JIOKHU-
™Mbt maemnorent. Jlokaxkwure, aro eR — moJre.

Bapaua 6.17 (!). Ilycte R — mOJMympocTOe apTUHOBO KOJIBIIO HAJ moJeM k,
JlokazkuTe, 9To 1 pasjgaraercs B CyMMY Hepa3JIOKUMBIX OPTOTOHAIBHLIX UIEM-
norentos: 1 = 3 e;. Jlokaxkure, 9TO 3TO PA3JI0KEHUE €IMHCTBEHHO.

VYkazauume. [lis cymecTBoBanus, BO3bMHUTE KAKOW-HUOYIb HIEMIIOTEHT € € R,
pazsioxkure R = eR® (1 — e) R, u Bocosb3yiirecsh unykunueii. Jist equncreen-
HOCTH, [IEPEMHOXKBTE JIBA BO3SMOXKHBIX PA3JIOXKEHUs 1.

Sagaua 6.18 (!). Ilycrs R — mosynpocroe apTUHOBO KOJIBIIO HaJ, 1oJjeM k,
Hoxkaxkure, ato R m3omopduo npsmoit cymme moseii.

VYkazauume. Bocmomb3yitTech mpeablayieit 3amadei.

Bagaua 6.19 (*). Ilycrs R — apruHoBO KOJIbIO Hag mojeM k, a 1 =e; + -+ +
en — pasyiockenre 1 B CyMMy HEPA3JIOXKHUMBIX OPTOrOHAJBHBIX HJIEMIIOTEHTOR.
Hokaxkure, 910 y R €CcTh POBHO N IPOCTBHIX UIIEAJIOB.

Onpenenenune 6.10. Ilycre R — anrebpa Haj mojiem k, a g — CUMMETPHUY-
Has OuymueitHas dopma Ha R. Popma ¢ Ha3bIBaeTCss MHBAPDUAHTHOM, ecu
g(z,yz) = g(xy, z) pua ObBIX T, Y, 2.

3ameuanme. Eciu R coaepKuT enuHUILy, TO Js JII0O00N MHBAPUAHTHON Op-
MBI g, umeeM g(x,y) = h(zy, 1), T0 ecTh g onpeneseTcs JUHEHHBIM (BYHKIHO-
HAJIOM.

3amava 6.20. Ilycte R — apTUHOBO KOJIBIO, CHAOXKEHHOE OMJIMHENHON WHBA-
puanTHO# dopmoit g, a m — uznean B R. Jlokaxkute, 94TO €ro OPTOrOHAJIHLHOE
JIOTIO/THEHIe M — TOXKe H/eall.

Sagaua 6.21 (*). Haiigure apruHoBO KOJIBIIO, HE JOIIYCKAIOIIEE HEBLIPOK ICH-
HOIl MHBAPUAHTHOW OMJIMHEIHON (HOPMBI.

Bapaua 6.22 (!). Ilycts R — apTHHOBO KOJbIO Haj mosiem k. Pacemorpum

Gusmneiinyro dopmy a,b — tr(ab), rue tr(ab) — caen sumomopdusma Lo, €
L

End; R,  *% abx. Jlokaxkure, 4To ecianu 3Ta (GOPMa HEBBIPOXKIEHA, TO R Io-

sgympocro. Jlokaxkure, aro ecsim R mosmympocrto, a chark = 0, To sta dbopma

HEBBIPOXKIEHA..
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VYkazauue. B ommy cropony, Bocnonb3yiitecs 3amadeit 6.3. B npyryto cropomny,
paccMOTpUTE CHAdYaja CUTYAIHIo Korjaa R — moute.

Bamaua 6.23. Ilycte V, V/ — BekTOpHBIE IpocTpancTBa Haj k, CHaOXKEHHBIE
ousmaeitasMu hopMamu g, g'. Onpenemm va V @V’ 6umneiinyio dbopmy gRg’,
HCXO/IA U3

g g/(v ®v,we w/) = g(v, w)g/(vl7 wl)

JlokazkuTe, ITO 3TO ONpPEJIeIeHIe KOPPEKTHO, W €IMHCTBEHHBIM 00pa3oM 3aaeT
oumneitayo dopmy Ha V Q V7.

3amada 6.24. Jlokaxkure, uro ajrebpa C ®r C mosynpocra, u pasjioKuTe ee
B IPSMYIO CyMMY TIOJIEiA.

Sapaua 6.25. Jokaxkwure, uro anrebpa Q[v/'—1]®qQ[v/—1] moaynpocra, n pas-
JIOXKUTE €€ B IIPAMYIO CYMMY IIOJICH.

Banaua 6.26 (!). Ilycrs P(t) u Q(t) — monmuoMel Haj nosteM k. OGosHaUnM
Ky = k[t]/P(t) u Ky = k[t]/Q(t). Hokaxure, uro K1 @ Ko = Ki[t]/Q(t) =
Ks[t]/P(t).

Sanaua 6.27 (*). Ilycte R, R’ — apruHOBBI KoJblla Haj k, chark = 0. O6o-
3HAYUM eCcTecTBeHHble Ousmnelinbie dhopMmbl a,b — tr(ab) Ha Hux uepes g, ¢'.
Paccmorpum renzoproe npoussesenne R ® R’ ¢ ecrecTBeHHOI CTPYyKTYpOii ap-
THHOBOIT anre6pnl. Pacemorpum dopmy ¢ ® ¢’ ma R ® R’. Tokaxkure, 9T0 g Q g’
pasHa dbopme a,b — tr(ab).

Sagaua 6.28 (*). okaxure, YTO TEH30PHOE [IPOU3BEIEHUE HOTYIIPOCTHIX ap-
THHOBBIX KOJIEI| HaJ, TToJieM k xapaktepuctuku () oIynpocTo.

VYkaszanme. Bocrnosns3yiiTecs 3anaqeii 6.22.

Sagaua 6.29 (*). Haiinure takue asa nons K, Ko, anrebpandeckux Haj Q
u He paBHbIX Q, uTo K ®g K2 — Toxke mOIIE.

Samada 6.30 (*). IIycts P(t) € Q[t] — MHOrOWICH, Y KOTOPOrO €CTH POBHO T
BEIIECTBEHHBIX KOPHEH I POBHO 2§ KOMILIEKCHBIX, HO HE BEIECTBEHHBIX, IIPUYEM
BCe KOpHH pasuble. JIokaxkure, 410

(Q[t)/P) 2R =EPCea PR.

Sazaya 6.31 (*). Ilycre P(t) — menpusBonumblit Muorowien uaj Q, y Koropo-
r0 HeT BElIECTBEHHBIX KOpHeH, a v € Q[t]/P — moboii s1eMeHT, He JesKarmi
B Q C Q[t]/P. Hokaxkure, 4T0 y MUHAMAJLHOIO MOJMHOMA JIEMEHTa U HET
BEIeCTBEeHHBIX KOPHElt.
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