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Abstract The distribution of the sum of independent random variables plays an im-
portant role in many problems of applied mathematics. In this paper we concentrate
on the case when random variables have a continuous distribution with a discontinu-
ity (or a probability mass) at a certain point r. Such a distribution arises naturally in
actuarial mathematics when a responsibility or a retention limit is applied to every
claim payment. An analytical expression for the distribution of the sum of i.i.d. ran-
dom variables, which have a uniform distribution with a discontinuity, is reported.

1 Introduction

There are a number of problems in different fields of applied mathematics where it
is required to calculate the distribution of the sum of independent random variables.
This distribution for the case of uniform variables appears in such problems as han-
dling data drawn from measurements characterized by different levels of precision,
change point analysis, aggregating scaled values with differing numbers of signifi-
cant figures (Buonocore et al. [2009]). An analytical expression for the distribution
of non-identically distributed uniform variables is first found in Olds ([1952]). A
number of subsequent works are devoted to this distribution and different proofs
of its formula: Bradley and Gupta ([2002]), Sadooghi-Alvandi et al. ([2009]), Po-
tuschak and Muller ([2009]), Buonocore et al. ([2009]).
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The solution for a simpler case of independent identically distributed uniform
variables was obtained by Lagrange in the theory of geometric probabilities (Feller
[1957]). This distribution is also known as Irwin-Hall distribution for two different
proofs of its formula given in Irwin ([1927]) and Hall ([1927]). In the current paper
we also consider the case of independent identically distributed random variables,
which have a uniform distribution, but with a discontinuity (or a probability mass)
at a certain point r. Such a distribution arises naturally in actuarial science, where r
plays a role of a responsibility or a retention limit applied to every claim payment
(Bowers et al. [1986]; Kremer [1999]). The probability density of the sum of n
payments is the n-fold convolution of the mixed density and mass function. The
analytical solution for a mixed exponential density and mass function is derived in
Haehling von Lanzenauer and Lundberg ([1974]) by means of Laplace transform.
In this paper we use an inductive procedure to get an analytical formula for the case
of a mixed uniform density and mass function.

2 Uniform Distribution with Discontinuity

Let us consider a mixed uniform distribution at [0, 1] with a probability mass at point
r (Fig. 1).

0, x<0
Flx)=q¢x, 0<x<r
I, x>r
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Fig. 1: Mixed uniform distribution

The distribution function of the sum S, = X; + Xz + ... + X,, is denoted as F,(x):

Xi~F(x), S,~F,(x) .
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The goal is to find an analytical formula for F,(x). Note that for the case r = 1 there
is no discontinuity and the formula is well known (Feller [1957]):

k—1 o
F(x)==Y (-1)C,(x—i)", xe€lk—1,k, k=12,.,n
©i=0

2.1 Recurrent Formula

We denote the probability of event E as P(E). The sums of n+ 1 and n variables X;
and their distributions are connected by the following relations:

Sp1 = Sn + X1 ~ Fopt (x) = P(Sn <X_Xn+l) s
Sy~ Fy(s) =P(S, <) ,
Xot1 ~F(t) =P(Xpp1 <t) .

Since F(x) has a discontinuity at point r it is necessary to find out how it is reflected
on Fy(x). The probability density of X; is equal to:

[ 1+(=r)o(—r), O0<t<r
f(t){o, t<0,t>r ’

where & (¢ — r) is the Dirac delta function. As soon as X; can take values only from
[0, r] segment then the sum S, = X; + ... +X,, belongs to[0, nr] segment:

P(S, <0)=P(S, >nr)=0 ,
PX;=r)=1-r,
P(S,=nr)=(1-r)" |
P(S, <nr)=1—(1-r)" .

As aresult we have that function Fy(x) has a jump of (1 — r)" height at point x = nr:

0, x<0

Fy(x), O<x<nr
1-(1-r", x=nr
1, x>nr

F,(x)=

Here and after we will consider function F;,(x) only on [0,nr] segment.

Lemma 1. The following recurrent formula is true for the sum distribution function
Fa(x)
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x
JF(t)dt, 0<x<r
0

X
Fat(9) =4 [ B(di+(1-nF(x—r), r<x<nr
X—r

j‘r F,t)dt+ (x—nr)+(1—r)Fy(x—r), nr<x<(n+1)r

—r

Proof. To find distribution function Fy;(x) = P(S, < x — X,11) it is necessary to
calculate the integral of the joint probability density of S, and X, over region
D: S, <x—X,y1 (see Fig. 2).

S A

s=x—t xx(n+Dr

RF

-t mrEx=(a+lir

t

E=Xx—¢ rE=xEmpe
S=x-1t 0%x=r
r=x—¢ x <l

Fig. 2: Integration region for the case x < nr

We calculate F;,1(x) on [0, (n+ 1)r] segment taking into account the special
values s =nrandt =r:

P(Sy <x—Xu41) =P((Sp < x—X41)&(Sy # nr)&(Xy+1 £ 1))
+ P((Xpp1 = 1) &(Sy < xr)&(S, # nr))
+P((S, =nr)&Xpt1 <x—nr)&Xns1 #71))

Fun(9) = [[ £u(0)£Odsdi+ (1 =Dy x =)+ (1=r)" Flx=nr)
D

Note that F(x — nr) = 0 for x < nr and thus:
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gffn(s)f(t)d“h"‘(l —rFx—r+0-r"(x—nr),

nr<x<(n+1)r
Faa(={ "srstrl)

gffn(s)f(t)dsdt—l—(l —nNFE,(x-=r), 0<x<nr

To get the integral over region D we’ll consider 3 cases:
1) r <x < nr (see Fig. 2):

r X

J[ rsasa = [ar [ syas = / Fas—nde = [ Fyar
D 0 0 0

X—=r

X

2) 0 <x <r(see Fig. 2):

X

[ / fals)f(1)dsdt = / dt x/lfn(s)ds: | / Fy(t)dr .
0 0 0

D

In this case we also have x — r < 0 and hence F,,(x—r) = 0.
3) nr <x < (n+1)r (see Fig. 3). The integral is equal to the sum of two ones because
region D has two parts (divided by the dashed line on Fig. 3).

L 3

s=x-4 xx(p+lr

HEP

-t mrEix=(a+lir

I F ..E

s=x—¢ 0=2x=nr

r=x—¢ x =0

Fig. 3: Integration region for the case x > nr
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X

/ Fuls) f(1)dsdt = ]nrdtjrfn(s)ds+ / dt x/_tfn(s)ds
0 x—nr 0

D 0

:(1—(1—r)")(x—nr)—|—/F,,(t)dt .

As aresult we have the required recurrent formula for the sum distribution function:

JFE(t)dt, 0<x<r
0

Fea(@) =3 ] B@di+(1=Fx=n), r<e<m
szn(t)dt—k(x—nr)—f—(l—r)Fn(x—r), nr<x<(n+1)r

O

It the next lemma it is shown that this distribution is a piece-wise function having
(n+ 1) pieces on [0, (n+ 1)r] segment.

Lemma 2. The following recurrent formula is true for the sum distribution function

F,(x):
Floy ()= [Fl(t)dt, 0<x<r
FnzH (x) = ! El(t)dt+ [EX(t)dt +(1 —r)F} (x—7r),
r<x<2r

(k—1)r X

Ffa() = [ BN odi+ [ FEi@)di+(1=r)Fx—r),

F (x) _ X—r (k—l)r
nIWA = (k—1)r<x<kr

(n—1)r x
Fia= [ Fl(nde+ f) E(t)dt+(1—=r)Fr! (x—r),
xX—r (n—=1)r
(n—Dr<x<nr

Fri ) :f E2(t)dt + (x—nr) + (1 = ) F2 (x— 1),

nr<x<(n+1)r

Proof. At first we’ll prove by induction that function F,(x) has n pieces on [0, nr]
segment:
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Fl(x), 0<x<r
2 <x<
Fo(x) = F7(x), r<x<2r

F'(x), (n=1)r<x<nr
For n =1 this statement is true: Fj(x) = Fl1 (x) = x for 0 < x < r. Assume that it

is true for Fy,(x) and prove that it is also true for F,;(x). We’ll use the recurrent
formula for r < x < nr:

Foi(x /Fn (t)dt+ (1 —r)Fy(x—r) .

X—r

As soon as F,(x) has n pieces F!, ..., F" then on every segment [(k — 1)r, kr] (where
k=2,n) F,+(x) has different expressions. If x € [(k — 1)r, kr], then:

x—relk=2)r (k=1 ,
Falx—r) = Ff ' (x=r)

/F,, /Fkldt—i-/Fk

Thus for [(k— 1)r, kr] segment we have:

(k=1)r
Fooi(x) = EX (%) /Fkl £)di + / FEOd+ (1= ) (=)
(1)

For [0, r] segment:
1
Fi1(x) n+1 / Fy(

And for [nr, (n+ 1)r] segment:

Foo(x /F Ydt+ (x—nr)+(1—r)Fy(x—7) ,

X—r

Foi1 (x) = E"4 (x) /F” Vi + (x—nr)+ (1 — P)EM(x—r) .

X—=r

This proves our statement for F,(x). The desired recurrent formula follows im-
mediately from this proof. 0O
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This formula will be used later to get the main formula for F,(x), but before we need
to derive an auxiliary formula for F (x).

2.2 Auxiliary Formula

Lemma 3. The following formula is true for F,(x) on [(n— 1)r, nr] segment:

(x—nr)"" e

(n—i)!

Proof. Let us prove this formula by induction. For n = 1 it is true:

*I‘l X7}”0
Flx)=1-(-1)' ((rl)O(x“) +(r—1)17( 0!) >x

F(x) = Zc’ (r—1)

Assuming that the formula is true for F, we’ll show that it is also true for F;‘:ll
using the recurrent relation:

FiH ) = =)+ [ Fi@di+(1=n)F =)

X—r

FI( D

n—i

After inserting the expression for F;', taking the integral and changing the index
variable in the last sum we obtain:

Ff_:rll( Y=@x—nr)+nr—(x—r)— ZC’

n+1 )
+(1=-r+E=D"Y ity

where )
i (x— (- 1)n)"

Vi= =1 o

And finally, using the relation C}, +Ci=! = C!

L n+1°
n+
Fn+l

we get the desired expression for
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n
Frilx) =1—(-1)""! (ZC:,+1w+vo+Vn+1>
i=1

o (x— (n+ 1)) T
=1 Rl -y B

a

Now everything is ready for the main formula proof.

2.3 Main Formula

Theorem 1. The following formula is true for F,(x) on [(k— 1)r, kr] segment (k =
L,n):

ORI EIENETE i
" i—0 (n—j)!

To simplify the expressions used in the proof we’ll introduce the following denota-
tions:

ii V() — (o ii Jir .(x—ir
bR e = ) Rl

The proof is divided into several parts.
Lemma 4. The formula from theorem I is true for k = n.

Proof. We’ll prove the formula for F;'(x) by induction. For n = 1 it is true:

1

0 0X
@ =015 =
Assume that formula is true for F' (x):
n—1 o . . EEAY
=Y |1y el &7 (1)
i=0 =0 (n—j)!
Also we have an auxiliary formula (lemma 3):
—J
F'(x) = Z Ci(r—1)/ ja—nn)! )

e
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Subtracting these two equalities (1)-(2) we obtain:

n Cood o — i)
1:2 (—1)’C,’12Cij(r—1)"% . 3)
i=0 Jj=0 (n=j)!
Again to prove the formula for F,:’jll (x) we apply the recurrent formula from lemma
2:
Fn":ll( )= (x—nr)+ / F't)dt+(1—r)F}(x—r) . (@)
X—r

X

Replacing (x —nr) with [ 1 dr and inserting the expression (3) instead of 1 into this
nr

integral, we have:

- Xro, i i ,r_ w
(x—nr)—/[z (( 'G, Y ¢l (r—1) ) )]dt

nr i=0

Inserting the expression (1) for F)'(x) to the second and third items of the recurrent
formula (4), we have:

n—1

/F" t)dt = ZCUnr Z

=0

[(—1)"@; ic{viﬂ,j(x)] ,
=0

—_

n—

i+1
(1—/‘) [ ClZC Vl+]7] ]

i=0

Note that U,(nr) = 0 and thus

n n—1
ZC;ZU,-(nr) = Z CiUi(nr) .
i=0 i=0

So summing all the three items of (4) we obtain:

n—1

R W= Yo - ¥ [<—1>"c:; _ic;’viﬂ.,j(x)]

i=0

_ni [( Cl ZC Vz+1 j ‘|
i=0

Joining the last two sums into one and using relation Cij + Cl-j '=c/ |, we have:

i+1°
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n—1

anif ch Z l(—l)icfl (:C{QVHL/‘(X)+Vi+1,0(x)+Vi+1,i+1(x)>]

i=0
n n—1 i+1 no
Z Zk OZquﬂ 1 ZO )+ Y Ui
i=0 i=0 i=1

Finally making some transformations with these two sums, joining them into one

and using relation C, + C~ = Cn 41> We get the required expression:

anjll +Z n+1U ZCn—HU )

) i\t
ci c!rf1f4igilggf
n+1j§0 1( ) (n—]—i—l)'

I
.[:j:
\

Il
=}

O
The next special case to be proved for the main formula is k = 1.
Lemma 5. The formula from theorem 1 is true for k = 1.

Proof. The case k = 1 is the simplest one, and the formula to be proved is the
following:

For n =1 it is true:

Assuming it is true for F!, we show that it is also true for F +1 by means of the
recurrent relation from lemma 2:

X x.tn anrl
1 Y
FL, = ./Fn(t)dt—. n!dt_(nJrl)! .
0 0

O

Now we are going to consider the general case for the main formula: k=2, 3, ..., n—
1 and prove the theorem.

Proof. For proving of the main formula for k = 2, 3, ..., n — 1 we again use in-
duction by n. The formula is true for n = 1,2 because for Fll,le it satisfies lemma
5 and for F22 it satisfies lemma 4. Now assuming that the formula is true for F,{‘,
k=1, 2,3, ..., nitis necessary to prove it for F, n+1’ k=2,3, .., n—1.So from
this assumptlon and from the recurrent formula we have:
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k = jx—ir)"/
F,,(x): [ Zcf (r—1)/ I ] ,

(n—j

k—2 o . . ]
W= |vayde-y St
i=0 j;() (l”l—])'
n+1 / Fk1 )dt + / EXnydt+(1=r)EF Y (x—r) .

The items of the sum in the recurrent relation can be rewritten as:

(k—=1)r k2
| Ewar= Y cul
x—r =0

k—2 k=2 i
=) GU((k=1)r) =Y (=1)'C, Y Vi ()
i=0 i=0 j=0
’ k=1
Z CUi)] - ZC’ (x)= Y. CUi((k
(k= 1)r i=0
k=2 i+1
(1-rFx—r) ==Y (-1)C} ZC Wi j(x
i=0

Note, that Uy_; ((k— 1)r) = 0 and hence

k=1 k=2
;)CZUi((k— Dr) = ;)CZUL((k

So after summation we obtain:

Fn+1() _Z( CZZCVH—IJ ch

i=0 Jj=
i+1

e Zc Wit (x
i=0

Joining of the first and the last sum and applying relation Cl-j + C’ =l iy gives
us:
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k=2

"+1 ZCl Z;.)(_l)lciz ‘Zlcz'jJerH'lAj(x)""‘VH—LO“‘Vi-ﬁ-l,H—l
i= j=

k=2

k—1
= Z CUi(x)+ Z CU(x) .
i=0 i=0

Finally these two sums are also joined and relation C}, +Ci~! = C’ +1 is applied after
some simple transformations:

k—1 )n+l J

k=1
Rl () =Uo() + LGl = 1, | (- +1ZC (r=1)’ ( 1))

This completes the induction and proves the main formula for alln and k. O
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